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Problem 1 (speed-of-rotation control device)

(1) Let wy be the angular speed of the tube when the ball is at A, in radial equilibrium

relative to the tube. The spring is stretched by L — % = %L, and the Coulomb force of the
charge @ on the ball is repulsive, so

3 qQ

ko-L —k—

04 L?

When the ball is at B (OB = L/2), the charge at O is —@Q, the Coulomb force is attractive,

the spring is stretched by %, and with the angular speed wp of the tube
qQ L 2

1

= Lmw?. (1)

After the switch is triggered, the external torque is zero, and the forces on the ball are
radial, so the angular momentum of the ball is conserved:

L2
mL2wA=meB, (3)
so that
wp = 4wA.
Substitution into (2) gives
1 qQ 2
-L =8L . 4
k04 +kL2/4 8Lmw? (4)
From (1) and (4),
. 48¢Q
ko =k 533" (5)

Substitution into (2) gives the angular speed of the tube when the ball is at B:

13kqQ
23mL3"

(6)

WwB =

(2) Put r = rp + = with |z| < rp, where r, = L/2 is the radius of the equilibrium point B.
Relative to the tube, the radial resultant force on the ball near the equilibrium point is

F(z)= —/c()(% + x) —k (%qTQx)Z + <§ + x>mwg, (7)
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where w,, is the angular speed of the tube at the position . By the conservation of angular

momentum,
L 2 A2
m(E—Fx) wm:m<§> wp. (8)
An expansion of (7) around the equilibrium point, to first order in z, gives
16¢Q 304 kqQ
_ 2 _

The force is a linear restoring force. Therefore the ball performs small radial oscillations,
relative to the tube, about the equilibrium point B. The period of this radial oscillation is

23mL3 2 L3
I e | T T I T (10)
304kqQQ 2\ 19 kqQ

Problem 2 (multiple-warhead attack)

Solution

Solution 1. Set up the coordinate system of figure 1, with the origin O at the midpoint
of the line W N: the z axis lies along the coastline, the y axis is vertical, and the z axis
points from the coastline toward the sea. Let the position of the submarine at the moment
of launch be (z,0,d); let 6 be the elevation angle of the launch direction (the angle with
the Oz plane), and let o be the angle, inside the Oz plane, between the projection of
the launch direction and the z axis.
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1 = figure 1; ¥ 2 = figure 2.

By the given data, the missile reaches its highest point at the time

v sin 6

r= (1)
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The distance of the center-of-mass motion along the launch direction, measured on the sea
surface (the range), is

B vg sin 20 @)

P

By momentum conservation, in the reference frame of the missile the flight directions
of the three warheads lie in a horizontal plane and are symmetric, 120° apart. Assume
the flight direction of warhead 3 is perpendicular to the coastline, pointing away from it
(figure 2). The perpendicular component of the relative velocity of warheads 1 and 2 is
then vcos60° = v/2, toward the coast. The distance that warheads 1 and 2 travel in the
direction perpendicular to the coastline is

S

d= (g+vocos¢9 sinoz)t+vocos€ sina - . (3)

The distance that warhead 1 travels parallel to the coastline satisfies

3 L
(\gv—UOCOSG cosa)t:§—|x]+§cosa, (4)
and the distance that warhead 2 travels parallel to the coastline satisfies
3 L
(\gv+voc059 cosa)t: |x|+§—%cosoz. (5)

Vg sin 0

The sum of (4) and (5) with (1) gives v/3v

L 212
sinf = —2 , cosf = |1 — 92 . (6)
V3 vou 3vgv?

Substitution of (1) and (6) into (3) gives, for a missile that separates above the sea,

=1L, so

in #
d= (9 + 2vg cos 6 sina) ClER ,
2 g
L \2
9v4<d——4447>
2v/3d — L
sina = + (2v3 v , cosa=4|1—— 222\/22. (7)

L2 L2 (3v2v? — g?L?)

4] 1— ——
R 3vdv?

In (7) the sign + means that the horizontal component of the launch velocity tilts toward
the coast, and the sign — means that it tilts away from the coast. Substitution of these
results into (4) or (5) gives

— 4L2 2,,2 2172 L 2

For the operation to be possible, the conditions

L 2 — I
9% <y, @yEE= e <1, d>0 (9)
\/g’U(]’U g2L2
4L’U0 1-— 599
3vgv?

0<
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must hold; the first two conditions come from (7), and the last one is the restriction given
in the problem.
If the missile separates above the land, only (7), (8), (9) change; the changed results are

412 L \2
_ 2
o=y A - 19 - (a4 555" "
L \2
w(a+ L)
. (2v/3d + L)v 23 ,
sina = , cosa =4|1— , (8"
272 L2(3v3v? — g2L?)
g°L 0
4.[/00 1-— 5.2 9
3ugv
L 24/3d + L
0< 9= <q, (2v3d + L)v <1, d>0. (9')
\/gvov gQLQ
4LUO 1— 5. 9.9
3ugv?

Solution 2. Use the same coordinate system (figure 1). The motion of the missile separates
into the motion of the center of mass and the motion of the warheads relative to the center
of mass. Equations (1) and (2) hold as before. If warheads 1 and 2 must hit the two
targets (by the problem, they must hit them at the same time), the center of mass must
land on the perpendicular bisector of WN (on the sea surface or on the land); the top view
is shown in figure 3 (drawn for a center of mass that lands on the sea). The analysis gives

v L
§t = 27\/57 (3)
L 2
fE2 + (d + ﬁ) = 327 (4)

where the signs — and + on the left side of (4) correspond to a center of mass that lands
on the sea and on the land, respectively.

w N
A L2 O L2,

N 1207

Bl 8 = figure 3 (top view).
Substitution of (1) into (3) gives

gL
V3ugv’ Bugv?’

sinf =



CPhO 31st (2014) — Final — Theoretical Examination (Solutions) English translation

Substitution of (1) and (5) into (2) gives, for a center of mass that lands on the sea,

2L 412 L \2
S=39 3vdv? — g2L2, Tl= :I:\/W (31}81}2 - g2L2) - (d - —2\/5) . (6)
Also

|z| = scosa, (7)

L \2

9t (d - —)
2y/3d - L

cosa = 4|1 2v/3 sina =+ (2v3 Jv (8)

L2 (3v3v? — g2L2)’ 22 ’
4LUO 1-— m
VgV

where in (8) the sign + means that the horizontal component of the launch velocity tilts
toward the coast and — that it tilts away from it. The conditions for the operation are

L 24/3d — L
0< 2= <q, (2v3d — L)v <1,  d>0; (9)
V3upv g2L2
4L’U0 1 — TQ
3vgv

the first two conditions come from (8), the last is given by the problem. For a center of
L
2V/3

L
mass that lands on the land, only (6), (8), (9) change, with d + WG in place of d —

(and the sign of sin « fixed to +), exactly as in Solution 1.

Problem 3 (adiabatic container with three chambers)

Solution

(1) The free expansion of an ideal gas is not quasi-static; the surroundings do no work on
the gas, and there is no heat exchange. By the first law of thermodynamics the internal
energy does not change, AU = 0 (AT = 0), so the temperature does not change; only the
volume doubles, so the pressure falls to one half:

1
Ty = To, P = §P0- (1)

After this, the gas goes from (%PO, T, 2V0) through a quasi-static adiabatic compression
to a new equilibrium state (P’ LT, 1.7V0). The adiabatic process satisfies

%Po (2Vo)? = P’ (1.70Vh)",
where v = % is the heat-capacity ratio of a monatomic ideal gas. So
P =0.8573 %. (2)
From this equation and the equations of state

1
PoVo=wRTy, P x170Vp = 0.85"5 Py x 1.70Vy = 1, RT,
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we get
T/

RV
=200 . 0.85 x 0.8573 = 0.8573 Ty (3)
I/1R

(2) When the two gases in the container mix and together reach the equilibrium state
(2.7V0, o, T" ), energy conservation gives

ulgRT’ n VQSRTC = (I/lgR n uzgR> T

o _ 30T 4+ 5wT, 3T+ 10T, _ 3% 08575 45

Ty = 0.647Ty. 4
31 + Bus 13 13 0 0 (4)

By the ideal-gas equation,
P = n kT, Py = nokT"; p’ = nkT”, (5)

where k is the Boltzmann constant, p}, p§ are the pressures of the monatomic and the
diatomic gas, n1, no are the number densities of the two kinds of molecules, and n is the
number density of the mixture. With n = n; + ng and (5),

(v1 + 1)

" — kT — LT — ! n_ \M1TV2)
' =n (n1 + ng) Py + Dsy N

RT". (6)
The data give

_2 _2
., 3 3x085 545, 9x08575+15

= = 7
P =970, 13 0 35.1 = (7)
where y y
/1 1 1" 1 2 1"
= RT = RT PyVy = 1 RT;
P1 2.7V% ) b2 2.7Vo ) 0Vo = Vifvlg
were used.

(3) Finally the gas mixture goes from (P”,T",2.7Vp) through a quasi-static adiabatic
expansion to the equilibrium state (P, T",3V;). This adiabatic process satisfies

p" (2.70Vp)" = P (3Vp)"™, (8)

where 7,,, the heat-capacity ratio of the mixture of the two gases, is given by (the proof is
at the end)
_ Vlcpl + VQCpQ

110y + 1Cyy

(9)

Here C;, Cy; are the molar heat capacities of the i-th ideal gas at constant pressure and
at constant volume. By the problem,

3 ) ) 7
Cvi=gR, Cn=CvnitR=-R  Cyna= R Cp=gk,

so (9) gives the heat-capacity ratio of the mixture:

- V10p1+y20p2 . 5414 . 9
- 11 Cy1 + 12Cyo 3410 137

Substitution into (8), with (7), gives

9% 0.85°3 +15
35.1

P" = 0.90" P" = (0.90T3 x

Po- (10)
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With the equation of state
P"(2.70Vp)  P"(3V)

T" - TN
equation (8) can be rewritten as
T" (2.70Vp) Y=t = T (3Vp)m 1, (11)
which together with (4) gives
2
T = 0.900m =D 77 — 0,907 x 22085 2 +5 To. (12)

13.0

We now prove that the heat-capacity ratio of the mixture of the two gases is given by (9).

Proof (a). By the hint, an adiabatic reversible process of a thermodynamic system that
consists of two ideal gases satisfies

(AS1)if + (AS2)if =0,

that is,
v1Cy, In (?) + 11 Rln (g) +12Cy, In (%) + o RIn (%) =0.

7 % 7 7

This can be rewritten as

(10 +200) () =~ (R4 R n (§]) = (B +B) i (2)

i i !
that is,
(Z) = (%) e
T; Vi ’
or
vafg — Ti‘/;9’ G = M (al)

levl + I/QC'\/2 '
By the ideal-gas equation of state,
piVi = (pir + pi2)Vi = (1 +v2)RT;,  psfVy = (pp1+ps2)Vy = (v1 +v2)RTY,

where p;i1,pi2 and pyg1,pre are the partial pressures of the two components in the initial
and in the final state. With (al),

pr _Ty Vi _ (Vz‘)gﬁ_ <vi>g+17

pi LVy \Vy) Vo \Vp
that is,
psVI™ = gV, (a2)
where
i1 MREME | nCptnGy
1Cy;, + 120y, v1Cy, + 120,
with C), = Cy; + R, Cy, = Cy, + R. 0

Proof (b) (without the hint; needs the definite integral fif ad = qln (i—f) =1In (2£)%).
From the adiabatic condition d@) = 0 and the first law,
dQ = dQ1 + dQ2 = (p1dV + 11 Cy1dT) + (p2dV + v2Cy2dT)

bl
= (p1 +p2)dV + (11Cv1 + 12Cv2)dT = pdV + (11Cy1 + 12Cy2)dT = 0, (b1)
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where d@; is the heat absorbed by the i-th ideal gas in the process. By the ideal-gas

equation of state,
pV =vRT = (11 + v2)RT. (b2)

Differentiation of both sides gives
pdV +Vdp = (v1 + 1»)RdAT. (b3)
Elimination of the term pdV from (bl) and (b3) gives
Vdp = (1 + 1) RAT + (11Cv1 + 15Cy2)dT = (v1Cp1 + 12Cy2)dT, (b4)

where Cp1 = Cy1 + R, Cpo = Cyoa + R. With V = (11 + 1»2)RT/p from (b2), substitution
into (b4) gives

d dT
(r1 +12)R ?p = (1nCp1 + V2Cp2)?:

that is,
dp _ nCp1 +19Cpe AT m dT
P (r1+wm)R T Ym—1 T

Integration of (b5) from the initial state (p;, T;,V;) to the final state (ps, T, Vy) gives

(b5)

m —Im m = m
Py va /(A=vm) =p T} /(A=ym) (b6)
Then, with (b2) and (b6), elimination of T or of p gives

O

Problem 4 (fiber grating)

First analyse the back-and-forth propagation of the light wave in the first layer. When the
light goes from the fiber (base refractive index m1) onto the surface of the first layer, of
refractive index ng, let the incident field (electric field strength) be a; the reflected field is
then

ar1 = 714, (1)
ny—n
where 7 = ! 2 The transmitted field is
n1 + no
a1 = ta, (2)
2n
where t; = +1 . When this wave reaches the surface of the second layer, of refractive
ni +n2

index ni, then — without regard yet to the phase change of the propagation inside the
first layer — the reflected field is

no — N1
n1 + no

Aro = 'r2t1a = tla = —rltla. (3)

Because t; > 0, the factor (—1) on the right side of (3) shows a 180° phase difference
between a9 and a,i.
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Now include the phase change of the propagation in the first layer. If the minimum
thickness of the first layer (smaller than the wavelength of the light in this medium) is

A 1060 nm

dy = 2 = 227
2" 4n, 4x1.55

~ 171 nm, (4)
then the reflected field a,o carries an extra 180° phase difference back at the entrance
interface, and it interferes constructively with the reflected field a,;. At the entrance
interface this reflected field is

al, =tira; (5)

after it passes out through the first layer it becomes

aly = toti710, (6)
where 7 9
ny—n n n
= =™ 27 tlzil, by = —— 2 (7)
ni + no ny + no ny + n9

Next analyse the propagation through the first and the second layer. When the light
reaches the front surface of the second layer (refractive index n;), then — again without
the propagation phases — the transmitted field is

ap — tgatl = tgtla. (8)

By an analysis like the one above, the field of a;o that passes through the second layer,
reflects from the interface between the second and the third layer, and returns to the
entrance interface, is

a;3 = (tltg)z?”la. (9)

Now include the propagation phases in the first and the second layer. If the second layer
has the minimum thickness

A ~ 1060 nm

dy= 2 = "
V= 4n, ~ 4x151

~ 175 nm, (10)
then the phase change of the round trip through the first and the second layer is a 360°
phase difference. The field reflected at the third interface and returned to the entrance
interface is therefore

ajs = a3 = (tit2)’r1a, (11)

and it interferes constructively with the reflected fields a,1 and a,.
In this way — multiple reflections at each interface not considered — the total reflected
field at the entrance of the device is

1— (tth)NJrl

E = ria+rititea + rititsa + - + ity t a = r1a T (12)
With the required reflectivity Ryen = E?/a? = 8%, equation (12) gives
Inl1— V Rie (1 — t1t2)
N = Ir| — 1 = 20.68; (13)

In(t1t2)
the total number of reflecting layers is at least N = 21.
[Another method: because n; and ng are very close, t1t2 ~ 1, and (12) can be approximated
by
1— (tth)N+1

E =ria
o T

~ (N +1)ra.

English translation
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If the reflectivity must reach 8%, then
E? = [(N +1)r1a]” = (N + 1)%r%a® = 0.08 .
The given data give

ny — no 1.51 — 1.55
= = ~ —0.01307
ny+mne  1.514+1.55 ’

N=, /% 1~ 20.64: (13)
1

the total number of reflecting layers is at least 21.]

1

SO

Problem 5 (neutral-particle analyser)

Solution

(1) For a microscopic particle the gravity of the Earth is negligible, so outside the plates the
ion moves in a straight line with constant velocity. Take the entry hole as the coordinate
origin, the Y axis perpendicular to the plates and the X axis parallel to the plates. The
ion enters the region between the plates at the point (hq cotd, hy), and inside this region
it moves like a projectile, with initial speed

vo = v/2E/m. (1)

The magnitude of the acceleration is ay, = —qV'/(md). Where the Y velocity becomes zero,

the coordinates are 0 29

Edsin 2 Edsin

= h+—"). 2
v qv ) .

When the ion leaves the plate region its speed is again vg = y/2E/m, and it then moves
in a straight line with constant velocity. The X coordinate of the exit hole is therefore

<h1 cot 6 +

l=(h1+h2)cot9+%$(2e). (3)

The relation between the ion energy and [ is

o qV[l— (h1+h2)cot9:|'

(4)

2d sin 26
The maximum flight distance, perpendicular to the plates, of an ion of energy F inside the
plates is
Edsin? 0
H=—"—. 5
7 5)

(2) When Aa = 6, the requirement is

2Edsin[2(0 + Aa)]
qV

l = (h1 + hg) cot(§ + Aa) +

= (hl + hg) cot 0 + —2Ed 851(29) .
q

10



CPhO 31st (2014) — Final — Theoretical Examination (Solutions) English translation

Also
cot(6+ Aa) = cos 0 cos Ao — sin 6 sin Ao N cos — Aasinf B cot 0 — A
" sinfcos Aa + cosfsin Aa  sinf + Aacosd 1+ Aacotf
A
zcot@—Aa(l—i—cotQQ):cotﬁ—%,
sin- 0

where sin Aa =~ Ac«, cos Aa ~ 1 were used; in the same way
sin[2(6 + Aa)] = sin(20) cos(2Aa) 4 cos(20) sin(2Aa) ~ sin(260) + 2A«a cos(26).
Substitution into (6) [with (4)] gives

Aa(h1 +hg)  4Aa Edcos(20)
sin? 0 qV

=0,

that is,
_ 4Edsin® 6 cos(26)

h
2 v

~ h1. (7)
The corresponding energy expression is

qV'l
E= .
2d sin(26) [1 + cos(20)]

(8)

(3) So that no ion of the whole measuring range touches the upper plate, the plate sepa-
ration must be larger than H of (5); this gives

qV

Frax < —5—
= sin? 0

(9)

(in other words, the applied voltage must satisfy V > Eyaysin®6/q). From (8) and the
requirement of the problem, the relation between E.x and lyax is

Vlmax
Emax = N a . (]—O)
2d sin(20) [1 + cos(26)]
Substitution into (9) gives the minimum plate separation
i 2

d= — Imax sin® @ . (1)

2sin(20) [1 + cos(26)]

For # = 30° the requirement is
V3

= 75 ‘max- 12
d= g (12)

(4) One can add, as shown in the figure, a semicircular region of a uniform magnetic field
of magnitude B, perpendicular to the plane of the motion; the ions then move in circles,

with the equation of motion
2
—— = quB, 13
BT (13)

that is, mv = ¢BR. A measurement of the cyclotron radius R of the ion gives

(mv)?  ¢B?R*dsin(20)[1 + cos(20)]  ¢B?R?lyaxsin? 0

2F Vi 2V1 (14)

m =

11
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Labels: it = plates; WitAHIX = magnetic field region.

Problem 6 (flux vortices in a type-II superconductor)

Solution

(1) The magnetic flux is
=08, A (1)
By the geometry, two equilateral triangles of the lattice contain one flux quantum, so the
area per flux quantum is
V3a_ Y3,
5 0

—_

A=2x%x - x —a° =
2a

\)

Here & = &g, so

a=4|—= =5 =219 x107" m = 0.219 pm. 4
\v3 B ! &

(2) As the external field grows, the area of each flux quantum becomes smaller, that is, the
flux density grows. When the normal cores of two neighbouring flux vortex lines begin to
overlap, that is, when

a <26, (5)

the whole superconductor becomes normal. The corresponding field is the upper critical
field; by (3) with a = 2¢,

Bo_ 220 _ %
CTVB(26)? T 2v3BE?

(3) As shown in figure 3, when the current I flows in the superconducting tape, the flux
vortex lines move, under the drive of the Ampere force, with the speed v to the right
(perpendicular to both B, and the current). This is equivalent to a superconductor that
moves with speed v to the left and cuts the field lines, so a potential difference appears
between the two ends of the tape:

~24 T. (6)

U = B,vd. (7)

The driving force per unit volume of vortex line comes from the current density I/(bc), so

with the given law,
fa®e 1 Iddg
v = _ — .

. 8
nB, n  bed ()

12
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The resistance produced by the flux flow is

U Byd ®yB,Id* ®(B,d?

r I I nlbed)  n(bed)

By the relation between the resistance and the resistivity p,

d
R=p, (10)

we get the flux-flow resistivity

. @OBabcd _ (I)OBa
n(bed) U

(4) Defects — vacancies, dislocations, interstitial atoms, and so on — are introduced into
the superconductor. When a flux vortex line falls into such a defect, a flux-pinning effect
appears, and the vortex lines cannot flow easily; this is the non-ideal type-II superconduc-
tor.

(11)

Problem 7 (rod with two balls thrown in the wind)

(1) Let v4 and vp be the velocities of A and B. The components of the air resistance on
A and on B are

{wa = _k;(vAm - u) {fBa: = _k(va — ’u,)
fAy = —k"UAy fo = —k:’UBy

The forces between the rod and the balls are internal forces and have no effect on the total
external force on the system. With gravity, the components of the total external force on
the system are

F, = —k(vaz —u) — k(vpy —u) = —2kv), )
F, = —2mg — kvay — kvpy = —2mg — 2kvy
where v}, = v, — u is the velocity of the center of mass C along x relative to the wind, and

_ VAg +UBg _ VAy +UBy
T 0 WET

are the velocity components of the center of mass C' along x and along y.

(i) Ascent: motion of C along y. By the center-of-mass theorem,

Av
F, = —2mg — 2kv, = 2m Tty' (2)

Simplification and summation over the ascent give
—ngAt — kayAt = mZAvy.
Let y; be the height of the rise of C' up to the highest point and 77 the time needed. Then

—mgTy — ky1 = m(0 — vp). (3)

13
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(ii) Collision. Let vy be the velocity of the center of mass C' along y just after the collision
and us the velocity of the pebble just after the collision. By the momentum conservation
of the particle system along vy,

miuy = 2muy; + mius. (4)
Let vay, and vpy, be the y velocity components of A and B just after the collision; then

VAy, T UBy,

Uyl = B

Let vy be the y component of the rotation velocity of A about the center of mass C' just
after the collision; the y component for B is then —v.9. By the relative-motion relations,

VAy; = Uyl + Veo, UBy; = Uyl — Uc0-
The kinetic energy that the collision gives to the rotation and the y motion of the system
is
1

1 1 1
Eyy = §m(vy1 +ve0)? + §m(vy1 — vep)? =2 X 5”“’51 +2x imvgo-

The x velocities do not change in the collision; call them v,. The collision is elastic, so

1 1 1 1 1 1
imlu% +2x §mv§ = 5(2m)v21 +2x 577“’20 +2x imvi + imlu% (5)

About the point of an inertial frame that coincides with the center of mass C at the instant
of the collision, the angular momentum is conserved:

milul = 2milve + malus. (6)
By the relation between the angular velocity and the linear velocity,
Ve = l(.U(].

[Or: by the conservation of mechanical energy,

1 1 1 1
§m1u% +2x §mv§ = Qm(viyl + v%yl) +2x 5'”“’32& + imlu%. (5)

As in the figure, let C’ be the point of the rod that is at rest at the instant just after
the collision (the instantaneous center of rotation), at distance I’ from A. The angular
momentum about C’ is conserved:

mil'uy = ml'vay, + m(20 —'vpy, + mal'us. (6)
After the collision the particle system rotates about C”:

VAy, = U'wo, vBy, = (21 — 1" wo, Uil = (" = Dwo- |

" C
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Combination of the equations above gives

2m1
VAy, = m+ my U, UBy; = 07 (7)
my
Vy1 = V0 = ™+ Ui, (8)
mip—m
_ , 9
U= U (9)
wo=—t U (10)

m-+my 1

(iii) Second ascent: motion of C' along y. The trajectory of the center of mass C' is shown in
the figure. After the collision, C' makes a second upward flight along y with initial velocity
vy1. Let yo be the additional height of the rise of C' up to the new highest point and T3
the time needed. In analogy with (3),

—mgTy — kya = m(0 — vy1). (11)

. >
O S X
(iv) Fall: motion of C' along y. After the second highest point, the motion of C is like a
horizontal throw. Let T3 be the duration of this fall. Along y the force on C is

Fy = —2mg — 2kv,,. (12)
By Newton’s second law,
Av
—2mg — 2kv, = 2m Tty' (13)

Simplification and summation give

—ngAt — k‘ZvyAt = mZAvy.
In the fall ) vyAt = —(y1 + y2), so
—mygl3 + k(yl + y2) = m(_vys - 0)7 (14)

where vy, is the magnitude of the y velocity of C at the landing (the direction is downward).
From (3), (8), (11), (14) and
T'=T+T+T;s

we get
my

Vys = g1 — vg — uUq
ys =9 m -+ mq

15
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(v) The whole process: motion of C' along z. The velocity of C' along x relative to the
wind is v, = v, — u. Along x the displacement of C' is s (given). Let v,s be the final z
velocity. By the center-of-mass theorem,

F, = —2kv), = —2k(v, — u) = 2m i’;. (16)
Simplification and summation give
k
—%<vaAt - uZAt) = ZAUm,
and with Y v, At =, Y At =T, > Avy = vz5 — 0,
Ugs = k (uT — s). (17)
m

[Or: set up the inertial reference frame O'z’y’ that moves with the wind; at the start the
O'z'y’ frame coincides with the Oxy frame. In the whole process, along z’ the center of
mass C feels only the air resistance; its initial velocity along 2’ is u, in the negative 2’
direction. By the center-of-mass theorem and Newton’s second law,

/
Avl,

2kvl, = 2m e

(16')
Simplification and summation give
k Zv;At = mZAv;, that is ks' =m[— vy, — (—u)],

where s’ and v, are the magnitudes of the displacement and of the final velocity of C
along 2/ in the O'x’y’ frame at the end of the whole process. With

/

/
s=ul—s, Ugs = U — Uy,

the final velocity of C' along z in the Ozy frame is
Vps = (Ul — 5). ] (17)
rs — m .

(vi) Rotation. As in the figure, the total force and the total torque on the light rod are
zero, so the forces from the rod on A and on B are along the rod, equal in magnitude and
opposite in direction; write them 7;. Then

A A
FAm:_k(vAm_u)—'_T’la::m A FB:B:_k(UBx_u)_ﬂl‘:m e
AAt AAt
VA UB
Fpy=-—mg—kvay + Ty =m Aty Fpy = —mg — kvpy — Ty =m Aty
(18)
By the center-of-mass theorem,
A
Fy = —2kv, + 2ku = 2m =2
e (19)
By, = —2mg — 2kvy = 2m Tty
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The velocity of A relative to the center of mass is

/
{UAI = VAz — Vg

/ _
Vay = VAy — Uy

From (18) and (19),

Avy,  Avay  Avg k T kE T
AT AL T AL T m (AT = v+
Av’Ay_AvAy_Avy:_ﬁ(U oy r T kT
At At At m Ay Y m Ay Ty

A moves in a circle about the center of mass C, so the direction of v/, is perpendicular
to the rod, as in the figure. With the angle 6 of the figure, the equations above can be
rewritten as

English translation

AV k T} sin
Atw = —EUCL‘COSG‘F -
AV k T 0
A?y = v’y sin@ + e

From these, the tangential acceleration of the circular motion of A about the center of
mass C (the projection on the direction of v/;, in which the rod force drops out) is

Av' k
i tA = —— ). (20)
Av' A(wl A
With o)y = wl and the tangential acceleration AvtA = (Au;) = | Tj’ equation (20)
becomes
Aw _ k
At m
Simplification and summation over the whole process give
Saw=-E£%uat
m
By the problem, Y w At = 2nm, so
Ws — Wy = —— 2N7.
m
Substitution of wy from (10) gives
2knm m1  uy 2knmw
Wg = Wo — = —_- — 5
m m+mq | m

17
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(2) When the point C falls back to the position s, the square of the speed of the center of
mass is
2 2 2
Vg = Ups T Vys-
In the center-of-mass frame, the rotation velocities v 4. and vpg. of A and of B about C
are always equal in magnitude and opposite in direction, v 4. = —vg.. When C falls back
to the position s, the kinetic energy of the system is
1 1 1 1 1

Eys = §m(vs +vac)? + im(vs +vpe)? =2 x imvg + imvic + §mvj25,c,

where
Ve = wsl, VBe = wsl

are the speeds of A and of B in the center-of-mass frame at that moment. Therefore
1 2 2 1 2
Es = 5(2m) (vgs +vps) + 5(2m)(wsl) .

The work done by the pebble on the particle system in the collision equals the kinetic
energy the collision contributes; by (7),

Ey, = §mUAy1 + §mUBy1 = 2m(mm) .

The initial kinetic energy of the throw is Ejyg = 5(2m)vZ = mv3. By the work-energy

theorem, with (15) and (17), the work done by the air resistance in the whole process is

Wy = Eps — Exm — Exo

2 k2 2knml 2
:m(gT—vo——m1 ul) +—(uT—5)2—|—m( m Uy — mr)
m + my m m —+ mq m
2
= mvg = 2m<Lu1> .
m—+mq

Problem 8 (nuclear fusion in the Sun)

(1) In their thermal motion the protons, the deuterons, the helium-3 and helium-4 nuclei
and the electrons behave like a monatomic ideal gas; rotational degrees of freedom need
not be considered. The mean kinetic energy of the thermal motion of each kind of particle
is therefore

3 1.5 x 1.381 x 10723 x 1.5 x 107
E, = kT = keV =~ 2 keV. 1
k= gk 1.602 x 10-19 ev ev (1)

The system consists mainly of protons and electrons; the molar mass of the protons is 1 g.
From the given density, the molar volume of the protons is
1 3

——— m
1.6 x 108

Vinol = (2)

so the pressure in the core region is

RT

mol

P =2x =2x1.6x10°x1.5x10"x8.31 N/m? = 2x2x10'® N/m? = 4x 10! atm. (3)
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The factor 2 appears because the contribution of the electrons of the plasma is included.
(2) By the conservation of charge in the reaction, the charge of the particle x is

Qac =0, (4>

so the particle is neutral. By part (1), the mean kinetic energies of the thermal motion
of the deuteron and the proton are only about 0.002 MeV; within the error range their
kinetic energies before the reaction are negligible, so the deuteron and the proton can be
treated as at rest. Let m, be the mass of the particle x and p, its momentum. Energy
and momentum conservation give

mpe® + muc® = \/m2He3c4 + e + vVmict + p2c?, (5)
PHe3 = Pz- (6)

From (5),
pac < mMpc® + muc® — mpesc® = 5.5 MeV, (7)

S0 ppc < mpesc®. With (6), equation (5) can be rewritten as

2

p
mpc® + muc? — mpesc® = —2—
2MmHe3

+/m2ct 4 p2e? = /m2ct + pie2, (8)

that is, the kinetic energy of the helium-3 nucleus is FErpge3 =~ 0 and is negligible. The
total energy of the particle x (rest energy included) is 5.5 MeV, so its rest mass satisfies
me < 5.5 MeV/c?. Among the choices, such a light neutral particle can only be the ~y
photon, with m, = 0; its kinetic energy and momentum are

Ey, = 5.5 MeV, pz = 5.5 MeV/ec. 9)

A photon moves with the speed of light in every reference frame, so no reference frame
exists in which the kinetic energy of the particle x is zero.

(3) By the energy conservation in reaction (I), the total kinetic energy of the reaction
products is

2

Ej = 2mpuc® — mpc® — mec® — myc? = 0.42 MeV, (10)

which is much smaller than the rest energy of the deuteron. By the method of part (2),
the kinetic energy of the deuteron is negligible:

Erp < 0.01 MeV = 0. (11)

The momentum of the deuteron need not be zero, but pp + p. + p,, = 0 must hold, so the
kinetic energies of the positron and of the neutrino cannot be fixed separately; only the
relations

Eye+ B, =042 MeV, 0 < Ere < 0.42 MeV, 0 < Eg, <0.42 MeV (12)

hold.
(4) An electron—positron pair annihilates into two photons of equal energies and of equal,
opposite momenta:

hvy = hs —me?= 0.51 MeV,
Ao
he  6.626 x 10734 x 3 x 10°

— _ —12
M= T T oslxLGx 108 Mo 24X ITEm (13)
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By the analysis above, a collision between a v photon and an ion is almost perfectly elastic
— the photon energy is much smaller than the rest energy of an ion, there is no energy loss,
and the photon wavelength does not change. For the change of the photon wavelength,
only the scattering of the photon on the electrons matters. When a photon of energy
FEo = hiy makes a Compton scattering on an approximately resting electron, an electron
with momentum P, and kinetic energy T' and a photon with energy £ = hv are produced.
Energy and momentum conservation give

hvo = hv + T, (14)
h h
20 _ cos ¢ + P, cos 0, (15)
c c
hv .
0=——sin¢g + P.sinf. (16)
c

Elimination of € from (15) and (16) gives

h2
P? = C—Z(Vg + 1% — 2uyv cos ). (17)

e
By the relativistic energy—momentum relation
P2? = (mc® +T)? — m%c* = T? + 2Tmc?

and (14),
(Eo — E)? +2(Ey — E)mc® = E2 + E?> — 2EyF cos ¢.
Rearrangement gives

E
E= - : (18)

Ey
1+ —(1-—
+ " ( cos @)

which can be simplified to
h
A—X=— (1 —cosd). (19)

mc

The wavelength after the last Compton scattering is Ay = 5.4 x 107" m. Let ¢ be the
(equal) scattering angle of one Compton scattering; then

h x 1026
Af—Ag=—"(1— . 20
F— o o (1 —coso) (20)
Assume ¢ is very small; then
. A
N _Agme
PSR = k10
SO
2Afme

— _ —11
(ZS = m =6.7x 10 rad.

The assumption of a small ¢ is therefore consistent.
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