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Problem 1 (springs and rod)

system, be Az, Axy and Axs. The block D is in equilibrium, so

mg = ksAxs,
that is,
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With the junction of the spring C and the rod as the pivot, the torque balance gives
Fia = Fyb.
The resultant vertical force on the light rod is zero:
i+ Fy,—mg=0.

By Hooke’s law,

Fy = k1A,
Fy = kaAxs.
Equations (3), (4), (5), (6) give
Ax; = m—9b7
(a+b)ky

(1) Set up the coordinate axis Oz vertically, as in the figure (the origin O at the lower
edge of the ceiling, direction vertically down). Write /1, ly and I3 for the natural lengths
of the springs A, B and C; without loss of generality take I3 > [;. Let the extensions of
the springs A, B and C relative to their natural lengths, in the equilibrium position of the

(1)

(2)

Let F} and F5 be the pulling forces of the ends of the springs A and B on the light rod.

(3)
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mga
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(a 4+ b)ks (®)
(2) Before the block D is hung on, the coordinate xp of the end point E of the spring C
in the equilibrium of the system is

A$2 =

a(lg — ll) .

=¥/ l
TE 1+i3+ atb

(9)
After the block D is hung on and the system is in its new equilibrium position, the end of
the spring C has moved from E to E’. The coordinate zg: of E’ is

a (lQ — 1+ Az — Aml)

v =11 + Axqy + I3+ Axg + ot b . (10)

Treat the system as one equivalent spring; its extension in the static equilibrium is

a(Axy — Azy)

Arxg =z —2xp=A A 11
TE =TE —TE 1 + Az3 + P (11)
Substitution of (2), (7), (8) into (11) gives
mg (a®ky + b%k2) = mg
Arg = —_—. 12
TE = T (4 + b)2kiks k3 (12)
The equivalent stiffness of the equivalent spring is therefore
b)2k1kok

Azp  a?kiks + b2koks + (a + b)2k1ky

The natural (angular) frequency of the small vertical oscillation of the block D is

ke (a + b)2kikoks
We =4 = = : (14)
m m[a2kiks + b2koks + (a + b)2k: ko]

(3) The largest natural frequency of the block D satisfies

dw,
=0. 1
=0 (15)
Substitution of (14) into (15) gives
ko
==p 16
- (16

At this point
d2w, o

1 3/2
L= ( & ) <0, (17)
da kob \/m (/ﬁ + kg)(kl + ko + k‘3)

so (16) is the condition for the natural frequency of the block D to take its largest value;
the largest natural frequency is

N ECETY.
we \/(kl‘;kZ jk:;jm (18)

Problem 2 (rail-type electromagnetic launcher)
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(1) The equivalent circuit of the rail-type electromagnetic launcher is shown in the figure.

R(x) Ly(x)

A

LI
i, R
Ry Ly ’ J
— }——Y

Label: HJE = source.

Take the line of the rails as the x axis, the direction of the motion of the armature as the
positive z direction, and the source end of the rails as the origin. Let the total inductance
of the loop be L(x) and the total resistance be R(z); then

L(z) = Lo+ L\x + L, (1)

R(z) = Ry + R,z + R;. (2)
With the equivalent circuit, the loop equation (Kirchhoff’s law) is

d ) ) di
= S[L@)1] + R@)i= L( )dt+zL ve + iR(z), (3)

where u is the voltage at the source end, ¢ is the loop current, and v is the speed of the
projectile.
(2) The output power of the source is

Qi

p=iu=L(z)i d—z + 2L v, + i2R(). (4)
Let dE be the electric energy that goes into the launcher system in the time d¢. Energy
conservation gives

dE:dEerdEkerER:d[%L() ]+d[ (s + ma)v ]+12R( ydt,  (5)

where dE,, and dFj are the changes of the magnetic energy of the loop and of the total
kinetic energy of the armature and the projectile, and dEg is the heat loss of the loop.

From (5),
dE dz

1 dv
— =1 L’ 20 o) Us— + i2 .
n (@)ig + 5 Lii"vs + (ms + ma)vs—= +i° R(z) (6)
With p = dE/dt and (4), (6),
L(x)z% +i?Llvs +i*R(z) = L(x )z% + = Lli%0g 4 (ms 4 mg)vs OZ’; +i?R(x).  (7)

From (7), the relation between the acceleration of the projectile and the loop current is

_dus 1 ;92
as = — —2(ms+ma)er. (8)
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(3) For a constant current I, equation (8) gives the acceleration of the armature and the

projectile at the time ¢:
du, 1
S S — Y 3 9
T 2(mg +ms) " )

The armature and the projectile therefore move along the rails with constant acceleration,
from rest. So that the exit speed vy, reaches 3.0 x 10 m/s, the given data lead to

v, 9.0 x10°

sm 2 8 2
_ - —9.0x 10 . 10
Gom =5 == 5 50 /8 XU (10)

From (9) and (10),

2 S a sm 2 : : 16
I:\/ (Ma & Ma) @ :\/ x 050 x 90 X107 _ 5 108 A (11)

L 1.0 x 106

The acceleration time is

Usm 3.0 x 10°

- —90X106s:3.3x10_4s. (12)

T =

*Translator’s note: The numbers in (10)—(12) are transcribed exactly from the source document, which
is not self-consistent here. For the given data (vem = 3.0 X 10° m/s, Tsm = 500 m) the consistent
values are asm = v2/(2Tsm) = 9.0 x 10° m/s*, I = /2 x0.50 x 9.0 x 103/10~6 ~ 9.5 x 10* A and
T = Vsm/@sm = 0.33 s. The values printed in the source correspond to a rail length z,, = 0.50 m.

Problem 3 (ideal rocket equation)

(1) The velocity-mass-ratio relation from Newtonian mechanics. By momentum conserva-
tion, the change of the momentum of the rocket equals the momentum change caused by
the expelled gas of mass dm:

d(MV3) = Va dim. (1)
By the conservation of mass,
dM + dm = 0. (2)
By the addition of velocities,
Vo=Ve—-V1. (3)
Substitution of (3) into (1) gives
d(MW1) = (Ve — Vi) dm. (4)
Substitution of (2) into (4) gives
i e (5)
M V.
Integration of both sides gives
M Vi
dM 1 / !
— =—— dvi. 6
| 5= (6)

English translation
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With the given integral formula and the initial conditions,

M Vi
= 7
ST (7)

or M
Vl:_velnﬁi' (8)

(2) The velocity-mass-ratio relation from special relativity. By the conservation of rel-
ativistic momentum, the change of the momentum of the rocket equals the momentum
change caused by the expelled gas of mass dm:

( MV > v dm
JI-vzje) P AV

By the conservation of relativistic energy, the decrease of the energy of the rocket equals
the energy of the expelled gas of mass dm:

(9)

Mc? dm c?
~d( —) = —. (10)
V1-Vs/c V1-Vi/c
By the relativistic addition of velocities,
Ve —W1
Vo= —° - | 11
T 1-WV./e (11)

Substitution of (11) into (9), with (10), gives

) w

V1-VE/c2 N 1-=WVe/c® \\/1-VZ/c2

which reduces to
dM dV;

= — . 13
M Ve (1-VZ/?) (13)
Integrate both sides of (13) with the identity
S O N Y
1—22 2\1—2  142z/°
M |41 |41
dM__1</ di +/ _d ) (14)
v, M 2Ve \Jo 1-ViJe Jo 1+Vi/c
With the given integral formula and the initial conditions,
M c 1+Vi/c
In— =— Inl| ——— 1
"M T ov n<1V1/c)’ (15)
or .
M [(1-Vi/e\?%
= = [ =—L= 16
M; (1 oy V1/0> ’ (16)
or .
1— (M/M;) ™
Vi = (7M/ )& c. (17)

1+ (M/M;) ™
(3) When the rocket speed V; is very small, the formula

72
1n(1+x)zx—?, lr| < 1

English translation
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gives

ln(l—l—%)%%—%(%)z and ln(l—%)%—ﬁ—l(ﬁ)2. (18)

Substitution of (18) into the relativistic result (15), with (8), gives

(38 e (T o = =372 (72700~ (-72) =0 (2)')

(19)
So, for a very small rocket speed V7, the difference between the result of relativistic mechan-
ics and the result of Newtonian mechanics is zero up to the order (V;/c)?; the difference is
in fact of the order (Vi /c)3.

Problem 4 (radiation pressure on a prism)

(1)(a) First calculate the effect of one photon on the body. Let the frequency of the light
be v; the energy and the magnitude of the momentum of one photon are

EO = hV, (1)

E hv
== (2)
C Cc

where h is the Planck constant.

Now analyse the change of the momentum of a photon in the reflection. As shown in the
yz section (figure), a photon falls along the negative z direction onto the face B of the
body; the angles of incidence and of reflection both equal the base angle 0 of the isosceles
triangle, and the direction of the outgoing photon makes the angle 20 with the z axis.
By assumption, the magnitude of the photon momentum is essentially unchanged in the
reflection. The & component of the impulse that a photon gives to the body is zero; the
z component cancels against the impulse of the supporting force of the xy plane; only
the y component is not zero. The xy plane is smooth, so the body moves only along the
horizontal y axis. The motion of the whole body can be described by the time dependence
of the y coordinate of Q(0,y,0), the foot of the vertical from the apex of the isosceles
triangle on the y axis. The magnitude of the y component of the impulse that a single
photon gives to the body at the face B is

h
| Toy| = ?Vsin 20, (3)

directed toward the coordinate origin O.

=V
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Next calculate the number of photons that fall on the inclined face B in unit time when
the point Q(0,y,0) is on the positive half of the y axis (y > 0). The laser beam that falls
on the face B of the body has the cross-section area

5 = yd, (4)

where d is the edge length of the prism. The incident laser power that the body receives
is then
w=1Is= Iyd. (5)

The number of photons that fall on the face B in unit time is

w Tyd
= — = —, 6
"B hv (6)
In the same way, when the point Q(0,y,0) is on the negative half of the y axis (y < 0),
the number of photons that fall on the face A of the body in unit time is

w Tyd
"= E hv (7)
The z component of the force of the light on the body, and the weight of the body, are
always balanced by the support of the zy plane. With the result (3), and because the y
component of the impulse that a photon gives to the body always points toward the origin,

the resultant force F' on the body is related to the y coordinate of the point Q(0,y,0) by

Idsin 26
Fenlyy =202,y (®)
Idsin 26
where k = 2> %7 This is a linear restoring force.

c
By (8), after the laser field begins to shine on it, the body performs simple harmonic motion
along the y axis about the coordinate origin, with the angular frequency

[ k Idsin26/c 21 cos? 6 (9)
w = _——= =
m pL2dtan6 cpl?
where m = pL2dtan @ is the mass of the body. Only the y coordinate of the point Q(0,y, 0)
changes with the time ¢; the dynamical equation of the body is

271 cos? 0

y(t) =0. (10)

(b) With the initial position (0, L, 0) of the point Q(0,y, 0), the solution y(t) of the simple-

harmonic equation (10) is
|21 cos? 0

When the body has moved the distance 3L/2 from its initial position in the negative y
direction, y = —%L; equation (11) gives

1 21 cos? 0
—§L = L cos <t1 COS)

cpL?
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where ¢1 is the time the body needs to move the distance 3L/2 from the initial position in
the negative y direction. This gives

2nL  |cp
t1 = —. 12
'™ 3coso\ 21 (12)

(2) In the process in which the body moves from the initial position of the figure to the
distance L in the negative y direction, the y component of the velocity of the reflected
photons is opposite to the direction of the motion of the body; by the Doppler effect, the
frequency of the reflected photons is smaller than the frequency of the incident photons,
and as the time grows the frequency of the reflected photons becomes smaller and smaller
(the difference to the frequency of the incident photons becomes larger and larger).
While the body moves on in the negative y direction, from the distance L to the distance
3L/2 from the initial position, the y component of the velocity of the reflected photons
has the same direction as the motion of the body; by the Doppler effect, the frequency of
the reflected photons is larger than the frequency of the incident photons, and as the time
grows the frequency of the reflected photons becomes smaller and smaller (the difference
to the frequency of the incident photons becomes smaller and smaller).

Problem 5 (capillary rise between two cylinders)

(1) The projection along the wall direction of the surface tension that acts on the contact
lines between the water surface and the two glass walls has the magnitude

Fy =2nRioccos 0 + 2mRocv cos 6. (1)

This force does not change in magnitude, and its direction is vertical (downward on the
liquid at the contact line). When the water between the two cylinders has risen, by capillary
action, to the height h relative to the water surface of the large vessel, the work done by
the force Fy is

Ws = —Fjsh. (2)
The change of the potential energy of the system caused by the capillary action is
Es(h) — E5(0) = W, (3)
where E;(0) is the value of the capillary potential energy of the system at h = 0. By
assumption,
Equations (1)—(4) give
Es(h) = —2macosf (Ry + R2) h. (5)

(2) The change of the gravitational potential energy caused by the rise h of the water
surface between the two cylinders is

1
Eg = §pg(7rR% — TR3)Rh2. (6)
With (5) and (6), the total potential energy of the system connected with the capillary
action is
1
E(h) = E4(h) + Eg(h) = 577,09(1%% — R3)h* — 2maccosf (Ry + Ra) h. (7)
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By the principle of minimum potential energy at equilibrium,

dE(h) _0
dh pop,

so
pghe (R% - R%) =2Rjavcos O + 2Rocv cos 6. (8)

At equilibrium, the height of the rise of the water surface between the two cylinders is

2 cos 6
he= ———. 9
pg (R1 — Ra) )
At equilibrium, equations (5), (6), (9) give

4ra? cos? 0 (Ry + Rs)
Ey(he) = — : 10
(he) pg (B — Rp) &

2ma? cos? 0 (Ry + Ra)
Eg(he) = 11
lhe) pg (B — R) ()

Of the decrease of the capillary potential energy, one part changes into the gravitational
potential energy of the water; the other part is used as work against the friction of the
system, and this work changes into heat. The heat released by the system up to the
equilibrium is therefore

Q= [ - Es(he)] - EG(he)a (12)

and (10), (11), (12) give
2ra? cos? 0 (Ry + Ra)

= 13
< pg (B1 — Ry) (12)
(3) Let the airplane be at the height z above the ground. From
GMm GM
Mg =235 9= 75 (14)
z (R@ + 2)2 Rge

where Rg is the radius of the Earth, G the gravitational constant and M the mass of the
Earth, the gravitational acceleration changes with the height above the ground as

g
=9 15
%= W 2/RoP 1
Substitution of (15) into (13) gives the heat released at different heights:
2ma? cos? 0 (Ry + Ry) z \2
= 14— . 16
Q rg (R1 - RQ) < R@) ( )
The height z of the airplane above the ground is
Qpg (B1 — Ry)
=R —-1]. 17
i @ (\/2#042 cos?0 (R + R2) (17)

Problem 6 (apparent motion of Mars)
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Solution 1. Choose the moment at which the Earth, Mars and the Sun are on one line
(an opposition of Mars) as the zero of the time, as in the figure; the counterclockwise
direction is the positive direction of the angle ¢. After the time ¢, the position of Mars in
the translating coordinate system o-xy with the origin at the center of the Earth is

x = R, coswmt — Ro coswot, (1)

y = Ry sinwnt — Rg sinwgt, (2)

where wy, and wqg are the orbital angular velocities of Mars and of the Earth. The angle ¢
between the Earth—-Mars line and the z axis of the Earth system o-zy satisfies

Ry, sin wpt — Ry sin wgt

(3)

tan ¢ =

Ry, coswmt — Ry coswot

E(wo - w )t

@
Labels: RBH = Sun; #13R = Earth; X2 = Mars.

Differentiation of both sides of (3) with respect to the time gives

b B wimR2, + woR% — (wm + wo) Rin Ro cos|(wo — wm )]

cos? ¢ (Rm cos wmt — Ry cos wot)2

(4)

The prograde and the retrograde apparent motion of Mars correspond to a positive and a
negative ¢. With ¢ =0,

wmR2 + woR2 — (wm + wo) RmRo cos|(wp — wm)t] = 0, (5)

which gives
1 R? R?
t =4+ ———— arccos @i Ty + Wo g .
Wy — Wm (wm + wO)RmRo

(6)

Within the time between two neighbouring oppositions, b is negative exactly for

arccos

. (_ N wmR2, + woR3 7 1 wm R2, + woR3 )
wo — Wm (wm -+ wo)RmRo wo — Wm (wm + wo)RmRo

(at t = 0 the numerator of the right side of (4) is smaller than zero). In the course between
two neighbouring oppositions, the total time of the retrograde apparent motion of Mars is

therefore ) )
tretro = ——— arccos

wo — Wm (wm + wo)RmRo'

(7)

10
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By Kepler’s third law,

win B = wi Ry (8)
Substitution of (8) into (7) gives
wmR2, + wo R} To n + nt/?
" _ m 0 _ , 9
retro = arccos (m + o) BBy~ 7 (1 = n=37) arccos -~z 1 (9)

R 2
where n = —= and Ty = °T  The data n = 1.524, Ty = 365 d give
Ry wo

tretro = 0.1991Th = 72.7 d ~ 73 d. (10)

The time T between two neighbouring oppositions of Mars satisfies

2 TQ Tm TO

Wo — Wm Tm —Tp 1—n—3/2 (11)
The time of the prograde apparent motion of Mars is
tpro = (779 — 73) d = 706 d. (12)

Solution 2. When the direction of the velocity of Mars relative to the Earth,

/

Um

= Um — VE,
is parallel to the Earth-Mars line EM,
v | EM, (1)

(that is, when the tangential velocity of Mars relative to the Earth is zero), Mars is at a
station. The position of the station is shown in the figure. The position vectors of the
Earth and of Mars relative to the Sun satisfy

I Ry

sin(6 + ) " sin Q0 @)

The speeds vy, and vy satisfy

Um Vo
sin(%—@—cp) sin(%—k@) 3)

By Kepler’s third law,

wiR3 = W2R3. (4)
Equations (1)—(4) give
n 4 nl/?
cosf = W, (5)

Ry .
where n = R The data n = 1.524, T, = 365 d give
0

6 = 4+16.79°. (6)

Within the time between two neighbouring oppositions, the apparent motion of Mars is
retrograde exactly while § € (—16.79°, 16.79°). The time T between two neighbouring
oppositions of Mars satisfies

2 T()Tm T()

T: = e
wo—wm Tm—Ty 1—n=3/72

~ 779 d, (7)

11
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where Ty = 365 d was used. The total time of the retrograde apparent motion of Mars
between two neighbouring oppositions is

2 x 16.79°
retro = ——— T = 0.09328 T = 73 d.
tret 5600 0.09328 T = 73 d (8)

The time of the prograde apparent motion is

tpro = T - tretro = (779 — 73) d E 706 d (9)

Labels: #1BK = Earth; X2 = Mars.

Problem 7 (time-of-flight mass spectrometer)

Solution

(1) In the ion-source region the ion moves with constant acceleration from rest; the mag-
nitude of the acceleration is
qEs
apg = .
m

The flight time of the ion in the ion-source region is

/28 [2mS
% = a_O B qEs . (1)

In the drift region the ion moves with constant velocity; the final speed of the acceleration

is
2qFES
vo = apts = )

m

so the flight time of the ion in the drift region is

L m
— =171 i
o 2qES

tr, =

The total flight time of the ion is

m 28 L
t:t5+tL:\/;<\/;s+\/ﬁ). (3)

Equation (3) can be written as

i 28 L
= — ko =1/= 4+ —— 4
k(g)? 0 Es + ,—2ESS’ ( )

m
q

12
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so ions with different mass-to-charge ratios m/q have different total flight times ¢. Differ-
entiation of both sides of (4) gives

1 2t 2t
SO
dm  2qt kg 2dt
g o =2 (6)
m kg qt t
The resolution of the detector, in its relation to ¢ and At, is therefore
m t
R=—=—. 7
Am  2At (7)

(2) The flight time t; of an ion in the ion-source region is still given by (1). In the
second accelerating region the ion moves with constant acceleration and initial speed wy;
the magnitude of the acceleration is

_
.

ai
Let tg1 be the flight time of the ion in the second accelerating region. The kinematic

formula gives )
(UO + altdl) = ’Ug = 2a1 D1, (8)

2m 1
ta = 4 /7 B (\/ESS Y EiD; — \/ESS). 9)

In the same way, the flight time of the ion in the drift region is

which gives

2m L 1
Y 7 S S o)
q 2 +\E,S+ E1Dq

The total time up to the arrival at the detector is
t=ts+tg +trL.

Differentiation of both sides with respect to S gives

a_ i 1 B B, _L__ B "
ds ¢ 2\VE,S FEWES+ED EVES 2.,/(ES+ED))
. dt :
The effect of dS on dt is smallest when 1S = 0, that is,
1 B E L E
+ — —= =0. (12)
VESS El\/EsS“‘ElDl El ESS 2 \/(ESS+E1D1)3
From (12),
1 1 1
L =2\/(EsS+ E D)3 + =
4 1D1) (ES\/ESS EwWE,St E.Di E; ESS) 5

=2<\/1?3—1<;(\/E—1)§S) S,

1

13
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E.S + E1D;

E;S
(3) The total time up to the arrival at the detector is

where k =

t=ts+tqr + 2tp + 2tg0 + 2t43, (14)

where tg, tg1 and tr are the one-way flight times of the ion in the ion-source region, in the
second accelerating region and in the drift region, given by (1), (9) and (10), and ¢4 and
tqs are the one-way flight times of the ion in the two field regions of the reflector; the factor
2 comes from the symmetry of the back-and-forth flight. In the same way as before,

2m 1
tgo = ? E_ (\/ESS + E1D1 — \/EsS + ElDl - E2D2)> (15)
2
2m 1
tgs = 7 E—\/ESS + FE1D1 — E5Ds. (16)
3

Differentiation of both sides of (14) with respect to S, with (1), (9), (10), (15), (16), gives

e _ 2ml
ds q 2

1 . i ( E _ E ) I E
VES  Ep \/ESS-l-ElDl \/ESS \/(ESS—i-ElDl)?’

+ 2 ( = == ) (17)
Es \/ESS + E1D; \/ESS + E1D1 — E9 Do
2 E;

4+ =
E3 \VE;S+ E1Dy — EsDs

The requirement dt/dS = 0 gives, in the same way,

L =+/(EsS+ E1D;)3

1 1 1 1
EJES B <\/ESS T Dy \/ESS)

2 1 1
+ - —

E <\/EsS +E1D1 VES+ E1Dy — E2D2>
i 2 1

Es \/ESS + E1Dy — E> Do

(18)

VE 1-vE 201 -VE) 2VE
= ES E D )
(EsS + Ey 1)<Es+ o + 5 + ,
ES + E1Dq E,S + F1Dy
here k = —— "1 and k' = .
whete B EsS + ErDy — EaDs

Problem 8 (laser aiming in a stratified atmosphere)

(1) Divide the atmosphere into many thin horizontal layers; let the heights of the bottom

and the top of the i-th layer be y; and y;11 = y; + dy, and let the refractive index of the
air of this layer be n(y;), as in the figure. The angles of refraction and of incidence at the
lower and the upper interface of a thin layer are both 6(y;). The law of refraction and the

14
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geometry give

n(yi—1)sin0(yi—1) = n(y;) sin 0(y;) = n(yi+1) sin6(yi+1) = constant,

that is,
n(y)sinf(y) = constant. (1)

The geometry gives

d in 0 1
T _ tang = - = : (2)
dy V1 —sin26 \/ 1
sin? @
The two equations above give
dy n?2
—~ =4/ —1. 3
dz n% sin? 6, )

Substitution of the given law n? = n2 + oy into (3) gives

dy ng + a2y o n3
W_ oty g Mgy 4y, 4
dx n2 sin? 6 nosinfy V a? cosTbo+y %)

dy «
= - dx.
n2 1o sin 0y
\/ —g cos? 6y +vy
o
ng o
2 —2cos290+y+0:%x. (6)
« no sin Gy

The laser leaves from the coordinate origin O, so y = 0 at x = 0:

2
2\/%(308290—1-04-0:0. (7)

Because ng and « are positive and 0 < 6y < 7/2,

2
C = —24/ n—g cos? 0y = —2 2 cos By (8)
o a

Substitution of (8) into (6) and rearrangement give the path equation of the laser light:

that is,

Integration gives

2 2 2
no n, Q T
x4+ —cosby | ——2cos?by = g
« «

= (9)

2

Q
_— —_——z+ —.
<2n0 sin 6 4n(2) sin? 0y + tan 6y
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This is a piece of a parabola through the point O, opening upward, with the vertex ( —

nZ n2
—g sin 26, ——g cos? 60> in the third quadrant.
Q

(Oé) Equation (9) shows: for a given y, if y grows, then x also grows monotonically; at
0y = m/2 the vertex of the parabola arrives at the point O, and the curve reaches the
farthest distance in the x direction. Substitution of §y = 7/2 and the coordinates (zq,yq)
of the point A into the path equation (9) gives

2ng

Lq max — 7\/% (10)

This is the largest horizontal distance at which a target aircraft A that flies at the height
9o can be illuminated or attacked by the laser.
(3) Substitution of the coordinates (x4, yq) of the target A into the path equation (9) gives

2
o 9 B
= T, + . 11
to 4nZsin?6y " tan6y (11)
L . . N tan®60p . o
Substitution of the trigonometric relation sin® 6y = —————— into this equation gives
1+ tan* 6y
2.2
a“x 2 La
= ——5—(1+tan“0y) + ———, 12
o 4n? tan? 6y ( 0) tan 6 (12)
which rearranges into a quadratic equation for tan 6:
(4ndyq — a2x§) tan® 0y — 4n2z, tan Oy — o’z2 = 0. (13)

The solution is

2 2 2 2.2

tan O — 2n5Tq i 2ngx, ocxs
anvo = 42 2,2 an2 52| T2 2,2
NngYa — 0T NngYa — O°T; ngYa — O°x;

The target A is in the first quadrant and inside the attack range, so by the result of part

(2)

2n
0< 24 <2 /a,
o

T
and at the same time 0 < 6y < 5 so tanfy > 0; the root with the positive sign must be

902 202 2 2.2

2 2 2 .
Angya — 0x? NGy, — oa? NGy, — ox?

taken:

By the problem, the trajectory of the target A is
Tq = To — VI, Ya = Yo- (15)

Substitution of (15) into (14) gives the law by which the emission angle 6, of the laser must
change with the time ¢:

O — arct 2nZ(xo — vt) N 2n(zo — vt) 2 N a?(zg — vt)?
0 = Al )2 20 o2 (1 — vb)2 20— o2 (g — o2 |
Angyo — a?(xo — vt) Angyo — o (xo — vt) dngyo — a?(xo — vt)

(16)
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(4) Assume the flying target aircraft just succeeds with a bomb attack on the laser device.
Its flight time then has two parts: the first is the time ¢, in which it is illuminated by the
laser until it is destroyed — the aircraft releases the bomb exactly at the moment of its
destruction; the second is the time ¢, from the release of the bomb to its landing on the
horizontal ground. After the release the bomb moves like a horizontal projectile, so

=22, (a7)

The horizontal distance that the target aircraft A covers in the whole process, from the
beginning of the laser illumination to the landing of the bomb, is

s—v(ta+tg)—v(ta+\/2?>. (18)

The laser device at the coordinate origin destroys the target aircraft A safely if
§ < Zg max, (19)

where X, max is the largest horizontal distance at which an aircraft A that flies at the
height y, can be illuminated by the laser (see (10)). Equations (10), (18), (19) give the
requirement on the horizontal speed v of the target aircraft A:

27‘&0

7 Ya _ 2”0\/§ (ta\/gya - \/§ya)

t, + /2‘311 a(gt% - 2ya)

In other words, the speed range of the target aircraft A is

(O’ 210/ (tar/Ta — \/iya)) | (20)

Oé(gtg - 23/(1)

v <

“Translator’s note: The rationalized form printed in the source omits the factor ,/g; the first (unra-
tionalized) expression is the authoritative one.
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