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Equation numbers (1), (2), .. in each problem follow the circled numbers of the Chinese original.
Passages that the original encloses in square brackets (alternative methods and remarks) are kept
as such. Symbols and formulas lost in the source file are reconstructed and set in square brackets
[-]. Per-step marks are given only where the source prints them.

Problem 1 (ball rolling off a hemisphere on a smooth table)

(1) (Method 1) The system formed by the hemisphere and the ball is acted on by no
external force in the horizontal direction, so the horizontal momentum of the system is
conserved:

~MViy +m[(R+7)0cosf — Vis] = 0. (1)

Let w be the magnitude of the angular velocity of the ball. The ball rolls without slipping,
SO

rw=(R+1)6. (2)
No dissipative force does work, so the mechanical energy of the system is conserved:
mg(R+7)(1 — cosf) = %MVJ\%[ + %m{ [(R+ )0 cos O — VM]2

3
= [(R+r)ésin0]2}+%lw2, &

where I = 2mr?. Combining (1), (2) and (3), the speed of the hemisphere when the ball
has reached the angular position 0 is

(4)

[ 10m2(R +r)g(1 — cosfy) cos? 6
M [7(M +m) — 5mcos? 01 (M +m)’

or
o 10m?g(R+r)(1 — cos b)) cos® 0

M [7TM + (5sin? 61 + 2)m|(m + M)’

Differentiating both sides of the last equation with respect to the time ¢,

10mg(—2cosf + 3cos? 0) [7(M + m) — 5m cos? 6] — 100m?g(1 — cos ) cos® 6
[7(M +m) — 5m cos? 6] 2

QVMGM ==

m(R +r)sinf -0
M+m '

From (1), ‘

m(R+ )0 ~ Vu
M+m  cosf’
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The last two equations give the magnitude of the acceleration of the hemisphere when the
ball is at the angular position 6;:

5mgsin 61 [14(M +m) — 21(M 4 m) cos 61 + 5m cos® 6, |
[7(M +m) — 5m cos? 6, | 2 .

()

ap(01) = —

[(Method 2) See the answer to part (2) below. Writing down the dynamical equations
together with the kinematic constraint also gives the magnitude aps(0;) of the acceleration
of the hemisphere.]

(2) When the rolling ball is at the angular position 0 (6 < 6,), let N and f be the mag-
nitudes of the normal force and of the friction force exerted by the ball on the hemisphere.
Newton’s second law for the hemisphere gives

Nsinf — fcos = May,. (6)

In the frame of the hemisphere, the centre-of-mass motion theorem applied to the ball gives

2
v
6— N — inf = L 7
mg cos mapy sin Mo (7)
. dvg
mgs1n9+maMcosc9—f:mH, (8)

where v¢ is the speed of the centre of mass of the ball in the frame of the hemisphere:

. M+m
ve=rw=(R+r)d= pm—" Vi 9)

The last equality in (9) has used (1). In the centre-of-mass frame of the ball, the theorem
of rotation applied to the ball gives

dw
=1—. 10
fr=1% (10)
Equations (6)—(10) give
2
szm(gsiHGjLaMcosﬁ), (11)
N 0 in ¢ L (12)
= mgcosf —maps sinf —m .
g M R+r
Rolling without slipping requires
f < uN.

When the rolling ball reaches the angular position 6, it starts to slip relative to the hemi-
sphere, so the equality holds there. Substituting (11) and (12) into f = uN,

U%(eg)
R+r

27m [gsineg + apr(62) cos 02] = U [mg cos By — maps(02) sinfy —m

Substituting (9) into the last equation, the equation satisfied by 69 is

N w(M +m)2VE (62)
(R + r)m? cos? Oy

=0, (13)

2 2
?gsineg — pgcos by + apr(62) <7 cos s + 1 sin Hy

where Vir(02) and apr(62) are given by (4) and (5) with 6; — 6s.

English translation
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(3) At the instant at which the ball just leaves the hemisphere at the angular position
937
N=0. (14)

The acceleration of the hemisphere is then zero. Hence, at the instant at which the ball
leaves the hemisphere, the magnitude v,,(63) of the velocity of the centre of mass of the
ball relative to the hemisphere satisfies

/2

v
03 = g 15
mg cosf3 = mp— (15)

from which

ve = /(R +1)g cos b3. (16)

Problem 2 (conducting plate bouncing between capacitor plates)

(1) Before plate 3 leaves plate 2, the charge on plate 3 is

S
Q=CU =2y
d
After plate 3 has left plate 2, let the surface charge densities of the plates be as shown in

Figure a. Conservation of charge gives

Q <o
01—02205§:EU. (1)

1 - 0, 1 - O,
A “E, ,

3 ! o, S I E— T
E =z A A -0
::X 2 72 X 15 ;
g, 2

Labels: Wla = Figure a; Bb = Figure b.

Let E; and Es be the field strengths between the plates of the upper and of the lower
capacitor (see Figure a):

=2 =2
€0 €0
Substituting this into (1),
gobr —eokbr = %OU,
that is,
U
By - By = —. (2)

In addition, the total potential difference across the two capacitors in series is U, so

Eg:C—i—El(d—x):U. (3)
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Combining (2) and (3),

Ud+zx
FEi=— 4
1 d da ()

U x

Ey = ——.
=22 (5)

From (4) and (5), the surface charge densities on plates 1 and 2 are
g1 =80E1, UQZEOEQ.

The electric force on plate 3 (upward is taken as positive here and below) is

E E S Ei+FE
Fe:—O'QS‘fQ—i-ULS'fl:eOi(E%—E%):€OS(E1—E2) 71+ 2
2 2 2 2 (©)
LU _ JU U (2z+d\ SU?
€05d'(E1+E2)/2805d'd< 5d > o3 (2x+d).

The resultant vertical force on plate 3 is

605U2
2d3

x.

€0SU? g0SU?
Fiotal = Fe — mg = 0 _mg> 0

(2x+d)—mg:< 5 B

Hence the acceleration of plate 3 at the position shown in Figure a is

0= Fiotal . <5OSU2 _ > €USU2

m 2md? md3 v

For plate 3 to move upward, the condition

605U2
md? =2

must hold; moreover the acceleration stays positive once the motion has started, so plate
3 will finally strike plate 2. The above condition means that the electromotive force U of

the source must be at least
[2md2g
Usi = . 8
min 505 ( )

(2) From (7),

a = ag + Bz,
where )
ao—ﬁBd—g, B—W
Therefore
vdv
a = — = ap + Bz,
dx
i.e.

vdv = (ap + Bz) dz.

/ v'dv’:/ (ag + Bz') da/,
0 0

1,2 1 2
§’U —a0x+§B.Z',

Integrating both sides,

which gives
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v = v/ 2a9x + Bx?,
is

where v is the speed of plate 3 when it is at the distance x from plate 2. The last equation
d
dt = -

. 9
V2agx + Bx? )
displacement d) is

Integrating both sides, the time interval in which plate 3 travels from plate 2 to plate 1 (a

Carrying out the integration,

3! d dz
tlz/ dt:/ S —
0 0o V2apx + Bx?

. _ L, [3Bd—29)+ /BBd(Bd—g)
L=yB ™ Bd — 2g ‘
Substituting B = £oSU?/(md?),
. _d [md [(3505U2 — 2mgd?) + 2U \/260S(0SUZ? — mgd?)
= o
U 605

goSU2 — 2mgd? ]

. (10)
When plate 3 reaches plate 1, the positive charge on its upper face and the negative charge
on plate 1 are exchanged and cancel each other; the charge on its lower face is

605
and the charge on plate 2 is

—QQ = —€0EQS = —Q = —TU,

Qs = eoEaS = @ = 22y,

d
After the collision with plate 1 the speed of plate 3 is zero; under gravity and the electric

force it moves downward again and undergoes a perfectly inelastic collision with plate 2.
During the downward motion of plate 3 its total charge is
805

-Q=-2u.

d
After plate 3 has left plate 1, let the surface charge densities of the plates be as shown in
Figure b. Conservation of charge gives

/

oy —oh= _Soy. (11)
d
The field strengths E} and E) between the plates of the upper and of the lower capacitor
(see Figure b) are
Bt g
€0
Substituting this into (11),

U
1) = B = ——,
1 2 d
In addition, the total potential difference across the two capacitors in series is U, so

(12)

Etx+E{(d—2)=U

(13)



CPhO 35th (2018) — Final — Theoretical Examination (Solutions) English translation

Combining (12) and (13),

U (d—=x)
U2d—=x
E. = — 15
p= o (15)
Hence the surface charge densities are
O’i :E()Ei, UéZEOEé,
and the electric force on plate 3 is
24 S E| + E,
Fi= 048 2 + o5 =L = S (5P - BP) = eoS (B} — Fp) g2
(16)
U\ Ej+ E2 U\ U (3d—2z g0SU?
= —— D —— —— — = — d - 2 .
EOS( d> 2 €°S< d> d( 2d o (34— 27)
The resultant vertical force on plate 3 is
5OSU2 3605U2 805U2
Fli=Fo—mg=— 53 (3d — 2z) —mg = — < 52 + pE z.
Hence the acceleration of plate 3 at the position shown in Figure b is
a, . Ft,otal 36()SU2 €OSU233 (17)
om 2md? md?

2

€
Because 20 + g > 0, we have a’ < 0, so plate 3 can accelerate downward all the way.

md?
Put
a' = —ay — B'(d - x),

where
€0 SU 2
md3

Repeating the treatment used above for the upward motion of plate 3,

ay=3B'd+g, B =B=

v = [a{)(d —z)+ %B(d - x)2],

D[

where v is the speed of plate 3 after it has left plate 1, when its coordinate is z (the origin
is at plate 2). The last equation is

dz
dr=- V2a(d—z) + Bd— )2 (18)

Integrating both sides, the time ¢s in which plate 3 travels from plate 1 to plate 2 (a
displacement —d) is

t2:/ == /\/2a0 —xdiB(d—x)

Carrying out the integration,

ty= /% 1
2=\gm

(3Bd + 2g) + \/8Bd(Bd + g)
Bd+2g
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Substituting B = g9SU2/(md?),

(19)

ty= 4/ ——
T U €05 €0SU2 + 2mgd?

d [md [(3508U2 + 2mgd?) + 2U\/205(20SU? + mgd?)
After plate 3 has travelled from plate 1 to plate 2 it undergoes a perfectly inelastic collision
with plate 2 and its speed becomes zero. The negative charge on its lower face and the
positive charge on plate 2 are exchanged and cancel each other; the charge on its upper
face is

E()S

Q1 =eE1S=Q = TUa
and the charge on plate 1 is
Q| = —cE\S=-Q= —E%qU.

The state of the system is now exactly the same as the initial state; plate 3 has completed
one full period of its motion, and afterwards it repeats the same up-and-down motion. The
period of the motion of the conducting plate 3 is therefore

T=1t +1s

_d jmd )y

N U 605

(320SU2 + 2mgd?) + 2U /0S5 (2e9SU? + mgd?)
eoSU2 + 2mgd2 ’

(320SU2 — 2mgd?) + 2U /2205 (e0SU? — mgd2)]

e0SU2 — 2mgd? (20)

+1In

where (10) and (19) have been used.

“Translator’s note: The Chinese original prints “plate 2” here; it should read “plate 1”, since plate 3
starts on plate 2 and moves upwards.

b Translator’s note: Carrying out the substitution gives 2U\/28()S(605U2 + mgd?) for the square root
in (19) (and likewise inside (20)); the source prints 2U\/0S(2e0SU2 + mgd?), which is a misprint.

Problem 3 (rope driven by a rotating pulley)

(1) Consider the vertical parts of the rope on the left and on the right of the pulley and
an arbitrary small element of the rope on the pulley. For the vertical part of the rope on
the left of the pulley, take downward as positive. In the time d¢ a small element dx = v dt
is fed in from the pulley, while another element of the same length falls onto the ground;
the momentum brought in from the ground is zero, so the change of momentum is AL dv.
The part of the soft rope that has fallen onto the ground exerts no reaction on the rope, so
the force acting on this part is ALg — T and its impulse is (ALg — T1)d¢. The momentum

theorem gives
dv

—T1+XLg = A\L e (1)
For the vertical part of the rope on the right, take upward as positive. First consider the
small element dx = v dt lifted from the ground in the time d¢; its momentum changes from
0 to Adz v = \v?dt, and the vertical part of the rope on the right acts on it with the force
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T' — Xdz g, where T" is the tension of the rope at the ground. The momentum theorem
gives
T — \dz g = M?.

Dropping the infinitesimal,
T = M2

The change of momentum of the vertical part of the rope on the right is AL dv, and the
force acting on it is Ty — ALg — T" = Ty — ALg — A\v?. The momentum theorem gives

d

Ty — M2 — ALg = AL=. 2)

dt
For the small element RAyp of the soft rope on the pulley at the angle ¢ (counterclockwise
is taken as positive; see Figure a), the mass is ARAy, the tensions at its two ends are
T(p + Ap) and T'(¢), and the supporting force of the pulley on it is NRAg, where N
is the supporting force per unit length of the rope at . Newton’s second law along the
tangential and along the normal direction gives

Labels: Ba = Figure a.

A A
T(p + Agp) cos 7('0 —T(p) cos 7@ + uNRAp — ARAp gcos p

dv

A A
T(p + Ap)sin 7('0 + T'(p) sin 7('0 — NRAp + ARApgsinp
2

v
= ARAp—.
R
When Ap — 0 these two equations become
dT dv
bl NR — — \R—
o + uNR — ARg cos ¢ )\Rdt, (3)
02
T—NRJr)\Rgsincp:)\RE. (4)
Eliminating N from (3) and (4),
T 2
ip+uTARg(cosgousin<p):)\R <i:+u2> (5)
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Equations (1), (2), (3), (4), or equivalently (1), (2), (5), form the set of dynamical equations
satisfied by the motion of the soft rope.

(2) Depending on the value of w there are two possible cases. In the first, w is large
enough that the rope is still slipping on the pulley when the rope reaches its maximum
speed. In the second, w is small, and when the rope reaches its maximum speed there is
no slipping between the rope and the pulley, so the maximum speed of the rope is just Rw.

(Method 1) Note that only 77 and T appear in (1) and (2), so we only need the
relation between T7 and T obtained from (5); T'(¢) itself is not needed. With the help of

the relation
dT d(TeH?)

h T = A"~ 7 6
oy S a7 (6)
equation (5) can be written as
d(Ter? d 2
(de(p) = ARgel?(cos p — psing) + e AR (d: + ,ui{) . (7)

Integrating both sides,

™

™ 2 ™
Tie!™ —Th = ARg (/ e’ cospdyp — ,u/ eH¥ singpdgo) + AR (dv T+ ,uv> / e**dop,

(8)
that is,
2u AR dv v?
Ty — The*™ = AR, PT4+1) — — (e = 1) | — — . 9
= T = ARy 2 @+ 1) - 2R 1) (%) )
[(Method 2) Put
T =T+ Cysing + Cycosp + Cs. (6")

Substituting this into (5) and requiring the coefficients of the trigonometric terms and the
constant terms on the two sides to be equal,

2 2
Cy :)\RgL_ZQ, Oy :)\Rgli’uuz, Cs = Af <i§+ﬂ2>- (7')
The equation becomes ~
dT
7 = ~kde,
and integration gives
T = The™H¢ (8

that is,

_ 1—u? 2 AR (d 2
T =Toe " + /\Rgﬁ sin o + )\Rg?/iﬂ cos p + m <d: + ,u%) :

At the two points where the soft rope is tangent to the pulley, corresponding to ¢ = 0 and
¢ = 7, the tensions are To = T'(0) and T} = T'():

= 2 AR (dv v?
Ts :TO+/\R91+MM2 +7 <dt+'uR> )

= 21 AR (dv v?
Ty = Toe ™™™ — AR Al (AT
L= hoe T2 (dt+“R>

English translation
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Hence ,
Ty — Tie"™ = ARg - _2:‘”2 (e +1) — %(e’” —1) <3—: + u%) . (9)
]From (1) and (2),
T, — The"™ = Mv?® — ALg(e*™ — 1) + AL(e*™ + 1)%. (10)
From (9) and (10),
Lg(e"™ —1) + Ry - _2:‘”2 ("™ + 1) — et mo? = (L(e’” +1) + %(e’” = 1)) % (11)

dv
Assume that the rope always slips on the pulley. When == 0 the rope has reached its

maximum speed Upayx, and (11)% gives

Vi =Lg(1—e™"™) + Rg 2 (1+e7#7),

1+ p?
that is,
_ 2p _
Umax = \/Lg(l—e ““)+Rgl+uz(1+e ) (12)
In this case one must have
Rw > (/Lg(1 —e #7) + Rg 2 (1+ e#m). (13)
1+ p2

If this inequality is not satisfied, then there is no longer relative slipping between the rope
and the pulley when the rope reaches its maximum speed, which corresponds to

Umax = Rw. (14)

d
[In part (2), since only the maximum speed is asked for, one may set d—: =01in (1), (2)
and (5) right at the start.]

¢ Translator’s note: The source prints “(12)” here; the equation actually used is (11).

Problem 4 (forced vibrations and standing waves on a string)

(1) (i) In the steady state, let the wave travelling to the right on the string be
yr(z,t) = Aje™7* cos(wt _YT g <p1> ; (1)
u

where A; and ¢ are coefficients to be determined. Since the right end of the string is
fixed, the wave reflected at the right end is

u

L
y(z,t) = Aje™2EH% cos (wt T et <,01> . (2)
u

10
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Therefore the transverse vibration on the string in the steady state is

y(x,t) = yr(z,t) + yr(x,t) = A(x) cos [wt + go(w)},

where

L
Alz) = Ay \/6_2755 + e~ 4rl+2vz — 26=27L cos <2wa: - 2w) : (3)
u u

Since the vibration of the left end of the string in the steady state is known,

Alx =0) =4 \/1 +e 4L — 2e=27L cos <2wL> = Ap.
u

Comparing the last two equations,

A = Ao . (4)

L
\/1 + e 4L — 2e-27L cog <2w>
u

Hence the amplitude of the vibration at every point of the string in the steady state is

Ao

L
\/1 + e 4L — 2e-27L cog <2w>
u
(5)

w wlL
X \/e—QW + e~ 4Ltz _ 26=27L cog <2:c = 2> .
u

u

A(z) =

(i) Neglecting the decay of the amplitude along the propagation direction, the standing
wave excited on the string can be written as

y(z,t) = Asin(w—f + (p) cos(wt + ¢). (6)

The right end of the string is fixed, i.e.

y(x = L,t) =0.
The last two equations give
L
w——l—go:mﬂ, m=20,1,2,...
U
We may take m = 0, so that
wlL
= -, 7
@ ” (7)

Other values of m give results that differ only in the corresponding value of ¢; they are in
fact equivalent. Using the vibration of the left end of the string, y(x = 0,¢) = Ag cos(wt),

L
Asin(—wu> cos(wt + ¢) = Ag coswt.

Since the last equation holds at every time ¢,

A

WLy’ ®)
sin( 25

A=—

11
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p=0. (9)
Substituting (8) and (9) into (6), the standing wave on the string is
Ap wx wlL
= ——  —  _ §i _—— . 1
y(z,t) . (wL) sm( " " >Cos(wt) (10)
sin| —
u
From (10), the amplitude A(x) of the vibration of the point at the coordinate x is
Ag - (wzx wL
Al) = (wL) S”“(u - u> -
sin[ —
u
The positions z,, of the nodes satisfy
‘A(azn)‘ =0,
that is,
(wxn wL)
sin -— ) =0,
u u
from which U
ZTn =L —nn—, (11)
w
where n is an integer satisfying
Lw
0<n<—. (12)
T

At an antinode z, the amplitude A(z) is a maximum, which gives

U u

where [ is an integer satisfying
L
0<i< =2 (14)
U

(2) Decompose the vibration of the string into the superposition of the two cases

o A: the left end of the string vibrates, the right end is fixed;

e B: the right end of the string vibrates, the left end is fixed.
Let the vibration of the points of the string in case A be yi(x,t) and in case B be ya(z, ).
Using the result of (1.ii), the standing wave on the string is

Ap . f{wx  wL
y1($,t) = _<¢L)_L) Sln<u — u) COS(wt).
sin[ —
u
Using the result of (1.ii) again, the standing wave on the string is
A
ya(z,t) = .<£L> sin(%) cos(wt + ¢o). (15)
sin[ —

When both the left and the right end of the string vibrate, the resultant vibration at every
point of the string is the superposition of the last two expressions:

(@.8) = 1@ 0) + vl 1) = — o fsin(“E 90 cosot 4 sin(“2) cos(wt + o)
y\r, 1) = N, Y2(x,t) = . <wL> S " " coswt + s " cos(wt + ¢o) | -
sin| —
u

12
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When g = 0, the resultant vibration at every point of the string is

Ap wlL wz
=0 cos( =T . 1
y(z,t) (wL) cos<2u ” )coswt (16)
cos| —
2u
At resonance
wlL 0
cos| — | =
2u ’
from which ) )
w:("ﬁ%, ny=0,1,2,3. .. (17)

When ¢y = 7, the resultant vibration at every point of the string is

Ap wL wz
=0 _gn( == -2 . 1
y(x,t) . (wL) sm(2u ” )coswt (18)
sin| —
2u
At resonance
- (wL 0
sin| — | =
2u ’
from which ;
w= ”zm, ng =1,2,3. .. (19)

Problem 5 (gas leaking from a container in outer space)

(1) Let the hole be perpendicular to the x direction. The number of gas molecules leaving
the hole in the time d¢ equals the number of gas molecules, in the cylinder of volume v,S dt
just inside the hole, whose velocity component perpendicular to the hole lies between v,
and v, + dv,. The number of such molecules in that cylinder is n,,, Sv,dt dv,, where n,, is
the number density of gas molecules with velocity v,; it is related to the number density

n by
[ m muv?
Ny, =nf(vy) =n mexp(—sz) . (1)

The average number of gas molecules leaving the hole per unit time and per unit area is

o0 m o mu2 kT
N = v, a:d B = b - =) d B = Fr 2
feak /0 MvaVo Gz = 4 27rkT/0 Y ”eXp< 2kT) YT orm @

(2) When the temperature of the gas is T, the average kinetic energy of the molecules
leaving the hole is

_ 1 S
E, = / %mvi Ny, Vg dvg + kT, (3)
N leak JO

where kT is the contribution to the average kinetic energy of the velocity components

13
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perpendicular to the = direction. Substituting (1) and (2) into (3),

_ 1 o0 m mu?2

BE,= —n— L — 8 — - T

k — /0 5Mm 27rkT%eXp( 2kT> dv, + k

Y L
2mm
) . (4)
1 m
= s . kT = 2kT.

w7 2"\ 20kT  2(my2kT)? T
2mm

(3) Since the hole is perpendicular to the x direction, symmetry shows that after the gas
has leaked out the container moves along the negative x direction. Let the number of gas
molecules in the container at the time ¢ be IV and the speed of the container as a whole
be u; at the time ¢ + dt let the number of gas molecules in the container be N + dN and
the speed of the container as a whole be u + du. The momentum of the whole system is
conserved in this process:

(M + Nm)u = [(M + Nm+ mdN)(u+ du)] — mdN (u — 7,), (5)

where 7, is the average speed in the x direction of the gas molecules that leave in the time
dt; note that dN is negative. Simplifying and dropping the higher-order infinitesimals,

(M + Nm)du = —mv, dN. (6)
The energy of the system is conserved in this process, so

LM + Nm)u? + 3NET = 3(M + Nm + dN m)(u + du)® + 3(N + dN)k(T + dT)
— 2dNm (u— vy)2 — AN kT.

The two terms on the left are the translational kinetic energy of the system as a whole
and the internal energy before d¢t. The first two terms on the right are the translational
kinetic energy of the system as a whole and the internal energy after d¢; the last two
terms correspond to the average kinetic energy of the gas molecules that have leaked out.
Simplifying and dropping the higher-order infinitesimals,

(M + Nm)udu+ 3NkdT + kT dN + muv, AN — mv2dN = 0. (8)

Substituting (6) into (8),

(4meZ - 34T AN = §NkdT, 9)
From (4), o
imv2 + kT = 2kT,
that is, o
tmo2 = kT.

Substituting the last equation into (9),
3kTdN = 3NkdT,

that is,
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Integrating both sides,
T = CN'/3, (11)

where C is a constant of integration. Inserting the initial conditions,

To
N3

T,=CN,®, C= (12)

By (2), the number of gas molecules leaking out in the time dt is

kT N7/6 kC
__Ng [ S/ 2 1
S G- dt = o dt. (13)

—6
B S kTo
N = N, (1 + o t) . (14)

Hence the temperature of the gas in the container at the time ¢ is
s ¥ \~
T=CNY=Ty|1 —M—Ot : 15
+ 6V (15)

mo, AN
dy= ———— 1
U= S N (16)

where v, is the average speed of the gas molecules that leave:

Integrating,

(4) From (6),

be = Mk/ RIS \/TT/ kT 2 <‘m>d%
2

(17)
B 1 1 m T _|7kT
4 [gr V2rkT\ (m/2kT)3 ~ V 2m
2mm
Substituting (17) into (16),
/ wmk:T AN [mmkTy VO NYSAN as)
No M+ Nm oNL? Iny M+ Nm'

When the mass of the container is much larger than the mass of the gas inside it (M >
Nom), the last expression may be approximated by

kT [N® kT,
m o NYSgN = — 0 T o (N(t)7/6 - Ng/6) . (19)
Ny? I M\ 2N,

Substituting (14) into (19), the magnitude of the velocity of the container at the time ¢ is

(20)

-7
6 kT, S [kT;
u(t)%TMO 20 1—(1+6V 0t>
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Problem 6 (refraction and imaging with a negative-index medium)

(1) When n; > 0 and ny > 0, as shown in Figure la, AB is a surface of equal optical
path (equal phase) of the incident light. When the point B arrives at B’, the wavefront of
the wavelet emitted from the point A lies, in medium 2, on a hemisphere centred at A; in
the plane of incidence of the light this sphere is a semicircle of radius r, and the radius r
is determined by

nar = nq ’BBI‘ (1)
01
1 B’
A\
2
la

Labels: B 1a = Figure 1a.

Draw the straight line B’A’ tangent to the circle of the wavelet phase surface at the point
A’; then B’A’ is a surface of equal optical path (equal phase). From the geometry,

‘BB’} = ‘AB'! sin 61,
= ‘AB/’ sin 6.
The above equations give
n1 sin 07 = no sin 5. (2)

When n; > 0 and no < 0, the optical path of the light propagating in medium 2 is negative.
(Method 1) As shown in Figure 1b, the wavefront of the wavelet emitted from B’ is a
semicircle of radius 7, corresponding to the optical path nor < 0. Therefore the surface in
medium 2 that is in phase with the point A is determined by the line through A tangent
to the circle, with the point of tangency A’. The radius of the circle is determined by

n1|BB'| +ng|B'A’| = 0. (3)
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1b 1b’

Labels: & 1b = Figure 1b; & 10’ = Figure 1V'.
From the geometry,
|BB'| = |AB'|sin6,,  |B'A'| = |AB'|sin |6,].
The above equations give
n1|AB'|sin6y = —ny| AB'| sin 63| = ny| AB'| sin 6, (4)
that is,
ny sin 6y = ng sin ;. (5)

[(Method 2) As shown in Figure 1b/, AB is a surface of equal optical path (equal phase)
of the incident light. When the point B arrives at B’, the wavefront of the wavelet emitted
from the point A is, in the plane of incidence in medium 2, a circle centred at A with radius
r, corresponding to the optical path nsr < 0. The radius r is determined by

|na|r = m|BB. (3)

Because the optical path is negative, this is equivalent to moving the surface of equal
optical path in the opposite direction, so that it becomes the semicircle drawn as a dashed
line in medium 1. Draw the straight line B’ A’ tangent to the dashed circle of the wavelet
phase surface at the point A’; then B’A’ is a surface of equal optical path (equal phase).
From the geometry,

|BB'| = |AB’|sinf, r = |AB'| sin |6,]. (4"
The above equations give
ni sin (91 = N2 sin 92. (5,)

]

(2) Adopt the convention that the object distance s; on the object side and the image
distance so on the image side are positive, while an image distance on the object side and
an object distance on the image side are negative. The angle of incidence 6 is positive and
the angle of refraction 6- is negative. All the other angles marked in the figure are taken
as positive. From Figure c,

01 = a1 + B, —0y = ap — f. (6)
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In the paraxial condition all these angles are small, so
sin 91 = 91, sin 92 = 02,

and

. . h . h
tanap =sina; = a3 = —, tanag = sinag = ag = —, tanB:smB:ﬂ:E,
52

S1
(7)
where h is the distance from the refraction point M to the optical axis. By the law of

refraction,
ni sin (91 = N9 sin 92,
that is,
h h h h
L) == - . 8
" (81 + R) 2 <82 R) ( )
Rearranging,

ni no ng — Ny
= . 9
R )

Note that ne < 0 and n; > 0, so the right-hand side is negative.

To calculate the transverse magnification, consider the object @1 P; as shown in Figure 2,
and let its image be QQ2P>. Imagine the optical axis rotated about the point C by a small
angle, so that the point P; lies on the optical axis; then @1 moves to @} and Q2 to @,

and the image of P; is P». In the paraxial approximation the rotation angle is very small,
SO

S1 52

Q1P = Q1QY, Q2P = Q2Q5. (10)

ny >0 ng < 0

2
Labels: 2 = Figure 2.

From the geometry of Figure 2,
|Q1P1| = 5101, (11)

Q2P| = —s202. (12)

Hence the transverse magnification formula is

|Q2P2|  —s205 _ Samy

Q1P| s161  sing
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(3) (12 points) As shown in Figure 3, if
medium 2 were not separated off by the spherical surface, the parallel light would converge
at the focus after passing through the thin convex lens, as shown by the dashed lines in the
figure. After medium 2 has been introduced, the convergence point shown by the dashed
lines is a virtual object of the spherical surface, and the corresponding object distance is

s1=—(f — d). (14)

If no > 0, the imaging formula of the spherical surface is known to be

ni n9 ng — Ny
= o == ’ 15
S1 S9 R ( )

which is formally exactly the same as the imaging formula obtained in part (2). For both
ng > 0 and ny < 0 the image distance sy can therefore be solved as
ngis ngR(f — d)

52 = noS1 — n1(51 + R) - (TLQ = nl)(f = d) + an. (16)

For the data given in the problem, the corresponding values of so are listed in the table
below:

No. n9g d S9
1 1.5 | 0.35R | 1.10R
2 1.5 | 0.85R | 0.74R
3 | =15 ] 0.35R | 0.92R
4 | —1.5 | 0.85R | 1.56R

According to the results in the table, the ray diagram is the one shown in Figure 3.

& 3

Labels: & 3 = Figure 3.

Problem 7 (quasi-particles in a two-dimensional interface structure)
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(1) By the work—energy theorem,
dp
dKzF-drza-drzv-dp. (1)
Using the expression for the kinetic energy of a real free particle,
dk = 2 . ap. (2)
m

Equations (1) and (2) give

(£ — 'u> -dp =0.
m

Since the last equation holds for arbitrary dp,

v=". (3)
(2) Using the expression given in the problem for the kinetic energy of the quasi-particle,
dK =2 .ap+oP - ap. (4)
m p
Equations (1) and (4) give

m

(£+a£—v>-dp:0.
p

Since the last equation holds for arbitrary dp,

= = = 5
v=— + » (5)
(3) From (5),
2
v? = p—2+2a£+a2,
and therefore
v="L+ta (6)
m

The momentum of a quasi-particle with energy K is

p=—ma+ vVm2a? +2mK. (7)

v:,/a2+%. (8)

(4) In a uniform magnetic field the quasi-particle performs uniform circular motion,

Equations (6) and (7) give

v =wR,

and the magnitude of the rate of change of its momentum is

dp\ _ ,
at |~ “F
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The last two equations give

dp v
L= =, 9
=5 )
The dynamical equation for the uniform circular motion of the quasi-particle is
p% = quB. (10)
Using (7),
Rzﬂz—ma—k m20z2+2mK. (11)
qB qB
The period of the uniform circular motion of the quasi-particle is
27 (—ma + vVm2a? + 2mK)
oxp 2 (~matV
=" _ T : (12)
v /
qB 062 I ==
m
The magnitude of the angular momentum of the quasi-particle is
L =pR. (13)
Substituting (7) into (13),
I— 2m2a? + 2mK — 2mavm2a? + QmK. (14)
qB
(5) (Method 1) From (5),
p:m'v—mozg (15)
v
The equation of motion of the quasi-particle in the electric field is
dp
B PN 16
o = 4B (16)
so the acceleration of the quasi-particle satisfies
dv d /v q
— =a—(— —F. 17
at -~ “at (v) T (7)
In component form,*
adv; avgdv
=—— — ——+4¢F
G =yt v? dt +ab
_advy oy dv
Yoow dt v2 dt
Using the relation
dv v v
= %az + “Lay, (18)
equation (17) can be rewritten as
a  av? QULV qF
(“H 5)“” A=
(19)
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or, equivalently,

< asin? 9) asin 6 cos 6 qF
1— Oy e ———y = —
v v m
acos? 6 asin @ cos 6
1— ay + ———a, = 0.
v v
Solving this pair of linear equations,
qF  qF asin®6
“=m T v—a
(20)
qFE acosfsinf
Qy———
m v —
[(Method 2) From (5),
p:mv—mag. (15")
v
The equation of motion of the quasi-particle in the electric field is
dp
— =qkFE. 16’
= (16")
In Cartesian coordinates,
d de
P cosg —psinf— =qF
dt dt ,
I (17)
Esin@ +pcos€a =0
from which g
£ qF cosf
dt
(18)
de qF .
a = —? sin 0
From (5),

azz%:%[(%—i—a)cose} :%cosﬁd—p— <p

= a> sin 0%
dt m dt (19)
d 1
ay = % = % [(% + a) sin@} = %SmH% + (% +oz> cost—f
Substituting (18') into (19’) and using (6),
qF qF asin’6
Ay = — + — —
m m v—« (20)
qF acosfsinf
= —————
m v —«
(Method 3) From (5),
p=mv—ma>. (15")
v
The equation of motion of the quasi-particle in the electric field is
dp
i E 16/1
5 =4 (16")
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In Cartesian coordinates, (15”) can be written in component form as
=m(v— «a)cosl
e i) a7
Py = m(v — a)sinf
Equations (16”) and (17") give
do v
—m(v—a)sinf— +mcosf— = qF
dt dt o
dé d (187)
v
m(v — a)cosf— +msinf— =0
( ) dt dt
from which
dv qF
E = E cos b
: (19")
d0  qFE sinf
dt mov—a
Substituting (19”) into®
dv, dov 0 . 0d9
y = — = — cosf — sinf—
oAt dt dt
dvy, dv d
ay = — = —sinf + cos —
Yoodat  dt dt
gives
qF ¢F asin®6
“= T voa
(20”)
qF «acosfsinf
y = —— ———
m VvV —«
®Translator’s note: The source prints +¢F in the equation for a,; by (17) it should read +¢FE/m, as the
next display confirms.
b Translator’s note: As printed, the factor v is missing in the two terms of the next display; they should
read —vsin€d@/dt and +wv cosddf/d¢, since v, = vcosf and v, = vsinf. With the factor v restored the
stated result (20) does follow.

Problem 8 (heat engine driven by the radiation pressure on a moving mirror)

(1) Take as the system under study the uniformly moving ideal mirror together with all
the photons that collide with it per unit time. Let the total energies of these photons
before and after the reflection be 7 and €9, and let the magnitude of the resistance force
on the mirror be F. For a uniformly moving ideal mirror the total energy (kinetic plus rest
energy) and the momentum are unchanged by the collision, and the ratio of the energy
to the momentum of a photon is a constant independent of the frequency — the speed of
light in vacuum c¢. The momentum theorem and the energy theorem for the system give

-2_%__F, 1)

Eg — &1 = —F. (2)
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The efficiency with which the photon energy is used to do work against the resistance force
is

Fv
=, 3
n= (3)
Combining (1) and (2),
2v
= ) 4
K c+v )

(2) Because of the relativistic Doppler effect, the incident radiation of frequency v; in
the laboratory frame S is red-shifted to the frequency v} in the frame S’ of the mirror:

/
— =/ . 5)
V1 c+v ()

This frequency ratio does not depend on the incident frequency v1; it depends only on the
speed v of the mirror.

Let a piece of the electromagnetic wave that passes, in the time interval dt¢; in the frame
S, through some cross-section on the incident path be received by the mirror surface in the
frame S’ during the time interval d¢}. Since the number of wave crests that pass through
the cross-section equals the number received by the mirror surface,

I/1dt1 = V{dtll. (6>

Let the incident energy-flux spectra in the frames S and S’ be ¢1(v1) and ¢} (v1). The
photons that are incident in the frame S during the time interval d¢; in the frequency
interval [v1,1v1 4+ diq] all arrive at the mirror surface in the frame S’ during the time
interval dt}, so
o1(v)dvidty o (v)drpdt] 7)
hv} ’

hl/l
Equations (5), (6) and (7) give

@1(1/1) _ (pll(yi) (8)
" vy
In the frame S’ the reflected radiation has the same frequency as the incident radiation,
i.e.
Y2 _q 9
i (9)
Using the fact that in this frame, for an electromagnetic wave of any frequency, the number
of incident wave crests equals the number of reflected wave crests and the number of incident
photons equals the number of reflected photons (an ideal mirror absorbs no photons), a
derivation similar to that of (8) gives the relation between the incident and the reflected
energy-flux spectra ¢} (v1) and @b (v5):

A0 _ ¢h()
i

: (10)

Let the temperature of the one-dimensional blackbody radiation field of the incident radi-

ation be T, i.e.
. 2hV1
YL = ehul/le _ 1

From (5), (8), (9), (10) and (11), the incident and the reflected energy-flux spectra in the

frame S’ have the following one-dimensional blackbody form:

] 2hvg
V1= kT _ 7

(11)

(12)
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(1 point)
2h,
/ 2
- e 1
P2 thé/kTgl _ 17 ( 3)
(1 point)
with the corresponding temperatures
v c—v
=Yg -, (1)
(2 points)
2 /
/ /
1
(1 point)
By Carnot’s theorem the efficiency of the ideal heat engine is
T/
77’21—?%:0. (16)
1
(1 point)

This result agrees with the one obtained from the dynamical point of view. In fact, in
the frame of the mirror the displacement of the mirror is zero, so the work it does on the
surroundings is zero, and the efficiency with which the mirror uses the photon energy to
do work against the resistance force must also be zero.

(3) The numerical values of work and of energy both depend on the reference frame
chosen, so the efficiencies in the frame of the mirror and in the laboratory frame are
naturally different. In fact, the reflected radiation of frequency v/ in the frame S’ has, in
the frame S, the Doppler-red-shifted frequency vo, with

vy [c—v
- . 17
v c+v (1)

A derivation similar to that of (12) gives the reflected energy-flux spectrum ¢2(r2) in the
frame S:

2h1/2
802 = thQ/kTQ o 1 * (18)
This is exactly the one-dimensional blackbody radiation at the temperature
V2, cC—v
T = 29 = T 19
2 Vé 2 ¢+ v 1, ( )

where (14), (15) and (17) have been used in the derivation. The efficiency of the ideal heat
engine is

(20)

This also agrees with the result obtained from the dynamical point of view.
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