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Equation numbers (1), (2), .. in each problem follow the circled numbers of the Chinese origi-
nal. Passages that the original encloses in square brackets (alternative methods and alternative
branches) are kept as “Method 27, “Method 37, ... Per-step marks are given only where the
original prints them (Problem 1). Obvious misprints of the source are transcribed as printed, with
a translator’s note giving the correct form.

Problem 1 (zone plate: foci, dark points and imaging)

(1) (8 points)
For the focus P the difference of the distances PO and PM is fixed at half a wavelength.
Let rg be the distance from P to the centre of the hole (the position coordinate of P being
x). The half-wave-zone method gives

A
\/R2+r§:ro+§ (1)
where R is the radius of the small circular hole. With the data of the problem,
1.002 + 23 = (20 + 0.3164 x 107%)*,

where 79 = o mm. Hence
ro = 1580 mm (2)

Let r1 be the distance from the 3-zone focus P; to the centre of the hole (position coordinate
x1). The half-wave-zone method gives

VRt =nt@x14 )] 3)

With the data of the problem,
1.00% + 23 = (21 + 3 x 0.3164 x 1073)?,

where 71 = 1 mm. Hence
r1 = 527 mm (4)

(2)(@d) (8 points)
Because the grey parts add half a wavelength, when all the zones reach the fixed point Pj
their optical path differences relative to that of the central zone become 0, A, A; hence the
four zones do not cancel in pairs at the fixed point P{, but reinforce one another and form
a focus.

[Translator’s note: The values 0, A, A are as printed. The four zones in fact give the four values
0, 0, A\, A; the first “0” appears to have been dropped in the source.]
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In computing the geometric lengths, the geometric length of the outer rim of the outermost
zone exceeds the geometric length along the central axis by 2\, so

\/R2+rf =1+ 2) (5)

[Translator’s note: As printed; the right-hand side should read r{+ 2X, which is what the numerical
equation below actually uses./

With the data of the problem,
1.002 + 22 = (' +4 x 0.3164 x 107%)?,

where rj, = 2’ mm. Hence
r( = 395 mm (6)

(i) (8 points)
The dark point P’ ; immediately to the left of the focus P, appears when the zone plate
is further divided into an 8-zone structure:

A/ R2 412 =1 +4X (7)
With the data of the problem,
1.00 4+ 22 = (2/_; + 8 x 0.3164 x 107%)°,
where r' | = 2’ ; mm. The coordinate of the dark point P’ ; is therefore
r’; =198 mm (8)
(iii) (8 points)

The dark point P/, ; immediately to the right of the focus P{ appears when the four zones
are merged in pairs and the whole is regarded as two zones:

R2+72 =ro+ A 9)
With the data of the problem,
1.00% + 22 = (/o1 +2 x 0.3164)°,

[Translator’s note: As printed; the factor x1073 is missing in the source. The correct numerical
equation is 1.002 + 22, = (2/,; +2 x 0.3164 x 1073)2.]

where 7/, ; = #/_; mm. The coordinate of the dark point P’ ; is
'y = 790 mm (10)
(3)(1) (10 points)

When a ray leaves the outermost edge of the zone plate, is deflected and reaches the image
point, its geometric path length exceeds that along the axis by 2\. The equation is

A
\/sﬁbj+R2+\/s?mg+R2 = Sobj + Simg + 4 X 5 (11)

where sqp; = OS, simg = OS’. With the data of the problem,

30002 + 1.002 + /23 + 1.002 = 3000 + z2 + 2\
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where sjng = xo mm. This gives
Simg = 455 mm (12)

The imaging formula is

1 1 1
_1 (13)
Sobj Simg /

Substituting the data of the problem,

f=395mm (14)

which agrees with the focal length r{, of the 4-zone plate, i.e. with Eq. (6); so the imaging
formula holds.

(i) (8 points)
For the next image point the 4-zone plate must be split into a 12-zone plate. The path
difference described in the previous part is therefore 6\, and the equation is

A
\/sﬁbj+R2+\/sgilg+R2:sobj+8§mg+3><4><5 (15)

With the data of the problem,

30002 + 1.002 + /23 + 1.002 = 3000 + z3 + 6

/ _ . .
where s; , = x3mm. This gives

g

Simg = 137 mm (16)

The corresponding secondary focus is the focus obtained when the 4-zone plate is split
into a 12-zone plate. Every zone plate gives a new secondary focus when it is split an odd

number of times, so each zone of the 4-zone plate must be split into 3 zones in order to
obtain this secondary focus:

A
\/f’2+R2:f’+3><4><§ (17)
where f’ is the focal length of the secondary focus. With the data of the problem,

V21002 = f +6)

which gives

f=132mm (18)
that is, the secondary focal length is 132 mm.
(iii) (14 points)
Consider first the image formed when the principal focus of the 4-zone plate is used as the
focus. Since the object point is on the left, between the principal focus and the zone plate,
it is still on the left. From Eq. (6) or Eq. (14),

f=ry=395mm,

and by the problem the object distance is

Siafg) = g = 198 mm (19)

Let the image distance be s} .; then

A
\/Sgbj + R? + \/S{gg + R? = Sobj + Sﬁng +4 X 5 (20)
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With the data of the problem,

1982 + 1.00% + /23 + 1.002 = 198 + x4 + 2)

where s{,, = 24 mm. This gives
Simg = —396 mm, (21)
that is, this image point is virtual and lies at the position of the focus on the left.  (22)
Now consider the image formed when the secondary focus described in (3)(ii) is used as
the focus. Let the image distance be s ,; then
2 2 n?2 2 n A
V520 B2+ \fSl2 + B2 = soby + sl +3x 4% 5 (23)

With the data of the problem,

1982 + 12 4+ /22 + 12 = 198 + x5 + 6
n

where i, = x5 mm. This gives

I =393 mm, (24)

Simg

that is, this image point is real and lies 393 mm to the right of the zone plate.

Problem 2 (Hohmann transfer and orbital rendezvous)

(1) From the orbit equation,

R R
Tre T W

T'peri =

P €

The total energy E and the orbital angular momentum L are conserved:
L = m Vperi Tperi = M Vapo Tapo = MUT

or

L
— 2
- )
The total energy of the system is
C L2 C L2
E=- + 5>— = — + 3 (3)
Tperi 2mrperi Tapo 2mrapo
where
C = GMm = mryvg,
here using
GMm v3
5 — =m—.
0 To
From Egs. (1), (2), (3) and the expression for C,
L2
R=——— 4
m2rov3 )
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2E12 2ER
e= (1t g5 =41+ ——3 (5)

(2) After firing, the elliptical orbit of the chaser ¢ becomes a rotated ellipse. With the
angles defined in the problem, this rotated elliptical orbit is

_ R
~ 1+ecos(f + ¢)

Tc(ac) (6)
The initial condition is
re =719 when 6. =0.

Substituting into Eq. (6),
R =19(l+¢ecosq) (7)

S0
ro(1 + € cos ¢)

T 1+ e cos(fc + ¢)

re(fe)

(3) From Eq. (6), the length 2a of the major axis of the elliptical orbit after firing is

ro(l1+ecos¢)  ro(l+ecoso) _ 2r9(1 + e cos ¢)
1+e¢ 1—¢ 1—¢g2

(9)

2a = Tperi + Tapo =

The major axis of the orbit of the target A is 2rg. Kepler’s third law gives

T, <a>3/2:<1+€cos¢>3/2 (10)

T7A2 T0 1— g2

(4) Express the velocity after firing in terms of the firing parameters. Take polar coordi-
nates. The radial velocity (along the radius vector from the centre of the circular orbit,
i.e. the focus, to the position of the chaser c) is

v, = vpd sin a,
and the tangential velocity (perpendicular to the radius vector) is
vg = vo(l + dcosa) (11)

Conservation of the angular momentum L gives

L = mrovg = mrovg(1 + 0 cos @) (12)
From Eq. (12) and
ro(1 4+ e cos ) ro(1 + €cos @)
Tperi = 1—_'_57 Tapo = 1—_67

the speeds at perigee and apogee are

L Tovo(1 + d cos @) (14+¢e)(1+dcosa)
Uperi = = = o

Miperi  To(l+ecosd) l+ecosgp
1
+e (13)
L rovo (1 + d cos a) (1—e)(1+dcosa)
U, — = =
WO mrape  ro(ltecosg) TP Iecosd
1—-¢
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Conservation of energy gives

E=——+m?=—=
r + g r o 2mr?
At apogee and perigee,
— —MUS o = —mu
rapo 2 apo Tperi 2 per1?
that is )
. (1-9C 1 (1—¢e)(1+dcosa)
ro(l +ecos¢p) 2 0 1+ecos¢
(1+¢)C 1 (1+¢)(1+dcosa)]?
=+ -m .
ro(l+ecos¢p) 2 1+ecos¢
After simplification,
C o (1 + dcosa)?
— =muj——————,
70 1+ecoso

and using the expression for C' this reads
1+ecosp = (1+dcosa)?,

or
gcos¢ = dcosa (24 dcosa)

(14)

(15)

Just after firing (¢ = 0) the ratio of the radial to the tangential speed along the orbit is

Uy _ dsina 1 [(dre _ esing
Vglig L1+0dcosa 1o \db./,_, 1l+ecose
that is §si
esinqbz(l—l—scos@l_i_s(;%
5si
:(1—1—2(5008044-52(305204)&
14+ dcosa

=dsina (1l + dcosa)
From Egs. (15) and (17),

e =0+v/1+3cos?a + 26 cos a1 + cos? a) + 62 cos? a

(16)

(17)

(18)

Method 2. Express the velocity after firing in terms of the firing parameters. Take polar
coordinates; the radial velocity (along the radius vector from the centre of the circular

orbit, i.e. the focus, to the position of the chaser c) is
v, = Vg0 sin a,
the tangential velocity (perpendicular to the radius vector) is
vg = vo(1 4 d cos o)
Conservation of the angular momentum L gives

L = mrovg = mrove(1 + 0 cos @)

(11)

(12)
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From Egs. (4) and (12),

[mrov(1 + & cos a))?
m2rovd

R= 2

=7ro(1l 4 0 cos )

From Egs. (7) and (13'),
(1 +€COS¢) = (1 + 5COSOZ)2

SO
gcos¢p = dcosa(2+ dcosa)

The energy after the change of velocity is

GM 1
- =4 g™ [0§(1 + & cos a)? + v30? sin” ]
To

E:

Using C = GMm = mrovg,

2

1
E=—mvl + 3m [0§(1 + & cos ) + v§4% sin® o

Substituting Eq. (17’) into Eq. (5),

(13')

(14)

(15)

(16')

(17)

2EL2 2ER
€= \/l+: \/1+ 5 =0v/1+3cos2a+ 25 cosa(l + cos? a) + 62 cos? o

30-2,,4

(5) The two meet at the time ¢, which requires

0
t=nd.=naT4 — fOTA
2

From Egs. (10) and (19),

- 27 +nCTA o

0o T. 6o <1+£COS¢>3/2
na o cl\l =5 o

- 1 —¢e2?

(6) Substituting Egs. (15) and (18) into Eq. (20),

to

na(a) = 2% +ne[f(@)}3,

(NI

where
1+ dcosa(2+ dcosa)

fla) = 1 — 02 [1 4 3cos? a + 26 cos a1 + cos? a) 4 62 cos? o]

Differentiating with respect to a and setting

df(e)
Bt S Ay '
do
that is
df(a) . df(cosa)
———~ = —gina———= =0,
do dcosa
we obviously have the solutions
a=0,m

(18)

(19)

(21)

(22)
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(7M@) If a =ap=0, Eq. (18) gives

e=0V4+46+62=6(0+2)<1 (24)
hence
0<d<Imax=Vv2-1 (or 0 <6 <0.5) (25)

Alternative branch. If a« = ag = 7, Eq. (18) gives

e=0Vd2—45+4=650-2|<1 (24)
For 6 <2,
e=0(2-90)<1,
which gives
—(6-1)* <0,
always true. For ¢ > 2,
e=0(0-2)<1,
which gives
2<3<V2+1.
Taken together, if ag = ,
0<0<Omax=V2+1 (25)

(ii) If @« = a9 = 0, Egs. (20) and (21) give

2mna — 60 \*?  146(2+48) 1 26)
27N, C1-062[4+46+62 1-6(2+9)
or -
2mn.
2425+ (— ) _—1=0.
2mna — 6y
The condition for it to have a solution is that the discriminant satisfies
2mn 2/3
A=22 4| —"— —~1| >0.
[(27T71A — 90) ] -
For 6y = g, na = 2, n. = 1 (it is easy to check that A > 0), the above becomes
4\ 2/3
62+ 25 + (7> —1=0
whose solution is
4\ 2/3
0<d(a=0)=-1+ 2—<7> =0.145 <Vv2 -1 (27)
the solution § < 0 having been discarded.
Alternative branch. If a = ag = 7, Egs. (20) and (21) give
27T71A—00 2/3_ 1—(5(2—5) o 1 (26)
27N, C1-02[4—-46+42  1+6(2-90)
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or

The condition for it to have a solution is that the discriminant satisfies

9 2mn 2/3
A=(=2) 4 (27TnA—90) 1 =0

For 6y = g, na = 2, n. = 1 (it is easy to check that A > 0), the above becomes
4\ 2/3
6% — 26 + (—) —1=0
7
whose solution is

4\ 2/3
O<dla=m) =1+ 2—(?) —2145 <v2+1 (27)

the solution é < 0 having been discarded.

Problem 3 (dark-matter detection by nuclear recoil)

Solution

(1)()
Method 1. Note that the masses of the dark-matter particle and of the nucleus are equal,
so in the centre-of-mass frame the momenta of the dark-matter particle and of the nucleus

are both p{, = Muv|:

Pk = —pker [Pk =10 (1)
Transforming the particle momenta from the centre-of-mass frame (quantities primed) to
the laboratory frame (quantities unprimed),

Pz =Dy DPy=Dpy Pz=D,+Dp0=Dp,+ Muv (2)

The momentum relation between the centre-of-mass frame and the laboratory frame is
shown in solution Fig. 3a. From the figure it is easy to see that if the scattering angle in
the centre-of-mass frame is 6’ and the scattering angle in the laboratory frame is #, then

in the laboratory frame
0/

so the relation between the momentum of the ¥2Xe nucleus and its outgoing angle is

p(6) = 2p(, cos ) = 2Muvjcos = Mvgcosf, 0<6 < g, vy = 20);
(4)
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fiff FELIE 3a

Labels: @& 3a = Solution Fig. Sa.

Method 2. In the centre-of-mass frame X and Xe collide head-on with the same speed
vy = 100km/s, and separate again with the same speed, as shown in solution Fig. 3b.

Let ¢ be the angle between the direction of the recoil velocity of the Xe particle and the
direction of incidence of the X particle (taken as the Z axis) (quantities in the centre-of-mass
frame are primed, those in the laboratory frame unprimed). Going over to the laboratory
frame, let v be the magnitude of the velocity of the Xe particle after the collision and 6
the angle it makes with the Z axis, as shown in solution Fig. 3c. Then

— 2 2
V= /V; + VU5

= 06\/(1 + cos )2 + sin? 0/

0 NG (1)
= 20}, \/cos4 R sin? P cos? P
/
= ! =
Up €08
and therefore . o o
COSQZE:LOZ,:COSE, (2)
2 coS —
cos 2
whence
0/
0=— 3
27 ( )
so the relation between the momentum of the ¥?Xe nucleus and its outgoing angle is
p(0) = 2Muv{cos@ = Mvgcosf, 0<6< g, vy = 2u(;
(4)
p(6) =0, g<9§n.
i R ! LRER o
v 1
! g . v, F
- . o v As %
X pl:: Z — 0 v, 7
Uy -
v, =100 km
fi LA 3b iR 3¢

10

English translation
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Labels: FULFR = centre-of-mass frame; SKEZEZ = laboratory frame; K 3b = Solution Fig. 3b;
& 3¢ = Solution Fig. Sc.

Method 3. By the problem, in the laboratory frame the initial speed of the incident dark-
matter particle X is vg = 200 km/s and its momentum has magnitude pg = Mwg, M being
the mass of the dark-matter particle X. Let the momentum of the ®?Xe nucleus after the
collision have magnitude p and make the angle # with the initial velocity vy, as shown in
solution Fig. 3d; let the momentum of the dark-matter particle X have magnitude px and
make the angle fx with the initial velocity vg. Conservation of momentum gives

po = pcos + px cos bx (1)

psin @ = px sin Ox (2)
From Egs. (1) and (2) (or directly from the vector triangle, see solution Fig. 3e),

px = p* + p§ — 2ppo cos .

Conservation of energy gives

n o_ P + Pk (3)
2M  2M  2M

Dividing the previous equation by 2M and using Eq. (3), the relation between the momen-
tum of the '3?Xe nucleus and its outgoing angle  is

p(0) = pocos® = Muvgcosf, 0<0< E,
. @)
Here the value of p at € has been written p().
p Px
i
Py
fiR i 3d i 3e

Labels: @& 3d = Solution Fig. 3d; 8K 3e = Solution Fig. Se.

(ii)

Method 1. In the centre-of-mass frame the scattering is isotropic, i.e. the scattering proba-
bility is the same in every direction. From solution Fig. 3a one sees that the circumference
of the circle traced out at the position of the scattering angle 6’ in the centre-of-mass frame,
going once round the z axis (as shown by the dashed line in solution Fig. 3a), is

27pg sin @', (5)

so the scattering probability per unit angle #” must be proportional to sin’. Therefore, in
the centre-of-mass frame, the angular distribution of the scattering probability P is

dpP
= sin 6/ (6)

11
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The proportionality constant a follows from the normalization condition

TdP
which gives
1
o=g (8)
o that dP dP | d#’ 1 1
_— = — | — | = 1 4 = —
dcos@  d#’ |dcost asing sing’ 2 )
/
where Teosd is the change-of-measure factor of the probability integral. Going over to

the laboratory frame,

dcos# =dcos20 =d(2cos?f — 1) = 4cosfdcosf

so that P
7
=) <0< = 1
Toosd cos 6, 0<6< 5 (10)
(Note: the angular distribution (10) may be written in the following equivalent ways,
dpP
o —sin(),  0<6< g (10)
o P AP 1
m
— =——— = —cosf <6< — 1
a0 " deosfdg % 0s0=3 (10)

both are acceptable, {2 being the solid angle.)

Method 2. In the centre-of-mass frame the Xe particle is emitted completely isotropically
after the collision, that is, its angular distribution function is a constant C"

P, ¢)=C (5)

The normalization condition
27 pl
/ / p(0,¢)dcosd d¢’ =1
0 -1

gives

2m 1
C/ / dcost d¢' = 4nC =1
0 J-1

P 8)=C= 1 (6)

The probability of a particular event does not depend on the reference frame, so in spherical
coordinates

SO

p'(0,¢")dcos® d¢’ = p(6,¢)dcosfdep (7)

Moreover, since the system is axially symmetric about the z axis, p(6, ¢) does not depend
on ¢, so

p(0, 6) = p(0) (8)
In the transformation from the centre-of-mass frame to the laboratory frame (along the z
axis) the azimuthal angle is unchanged:

¢’ = ¢.
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From Egs. (7), (8) and the last equation,

1 dcos#'d¢’ 1 dcost’

p(e)zﬂdcosﬂdqﬁ " 47 dcosf (9)

/

0
Using 6 = 3 and the above,

1 dcos(20)/df 1 2sin(20) 1

s
= = — <h< =
P0) 47 dcos/do 4w sind . 9, (0 sbs 2) (10)
T
p(6) =0, (§<0§7r>

Method 8. The momentum distribution function of the outgoing particle may be written
P (P> y» D), satistying the normalization condition

/dp; dpi, dp’, p' (P, Py 0%) = 1.

Since the scattering is isotropic, the probability density p here is a function only of the
magnitude p’ of the momentum, so

0 (0 Py %) = ' (0)-

For a two-body elastic collision the magnitude of the momentum of the outgoing particle
is definite in the centre-of-mass frame; let it be pg. In spherical coordinates the integral
over the solid angle can be done at once:

[0y g deost! o)) = am [ 000 = 1.
Hence, in the centre-of-mass frame,
/ / 1 /
PP) =50 —m) (5)

or

1
P/(p,) = W(S(P/ —P0)~

(Since the 0 function is defined inside an integral, the two forms above are in fact equiva-
lent.) From the centre-of-mass frame (quantities unprimed) to the laboratory frame (quan-
tities primed) we have

[Translator’s note: As printed; here the source interchanges the primed/unprimed convention used
elsewhere. The relations that follow are the usual ones: primed = centre-of-mass frame, unprimed
= laboratory frame.]

pﬂf:p;m py:p;a pz:plz+p0
Going over to laboratory spherical coordinates,
¢:¢/, pSin@zplsingl, pcosH:p'cOSQ’_FpO’

from which
p = (p2 — 2ppg cos O + pg)l/2 (6)

13
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or
pcosb — po

(p? — 2ppo cos —l—p%)l/?'

The probability of a particular event does not depend on the reference frame, so

cost =

0 (D, Py, %) Aplpdp,dpl, = p(pe, py, =) dpzdp,dp.,

which in spherical coordinates becomes

p'(p")p* dp’ d¢’ d cos 6 = p(p)p* dpd¢d cos § (7)

The integration measure dp,dp,dp. is invariant under a Galilean transformation, i.e.
dp,dpy,dp’, = dp,dp,dp:,
which can be written in spherical coordinates as
p2dp’ dcos@ d¢’ = p? dpd cosb de (8)

From Egs. (5)—(8) we obtain, in the laboratory frame,

1
p(p, cos ) = Wé[(zﬂ — 2popcosd’ + p2)/2 —py (9)
0

[Translator’s note: As printed; the angle inside the 0 function should be 0, not 0, as the next
equation shows./

Therefore, in the laboratory frame, the angular distribution of the probability P that a
nucleus is struck is

ap )
Teosd —/p dpde p(p, pcosb)

1
= /p2 dpde 25[(192 — 2pop cos O + pd)'/? —po]

4mpg
d 1
Z/p2 dTi)’ dp’%é(p'—po) OSQSg (10)
= [ el 30 -
= (2pp cos 0)? 2pp COS 9]93 Do cos@’ 2119(2)
= 2|cos b,

Here we have used Eq. (6) together with

/

op_

op)  p—pocosb
and the fact that, when p’ = pg,

p =0, 2pgcosb,

the former giving no contribution. Note that in the laboratory frame the outgoing angle
0’ of the nucleus lies in [0,7/2] and not in [0, 7]; see the kinematic constraint §' = 6/2
marked in Fig. 1.

[Translator’s note: As printed. The intended statement is that the laboratory outgoing angle 6 lies
in [0,7/2], because of the kinematic constraint 6 = 0'/2 shown in solution Fig. 3a.]

14
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(iii)
Method 1. Consider the kinetic-energy distribution of the outgoing particle. From p =
2p(, cos 6 = pg cos O we get

cosf = ﬁ,
bo
SO q
dcosf = &£ (11)
bo

Substituting into Eq. (10) gives the momentum distribution of the struck nucleus,

e _2p

= 12
The kinetic energy of the outgoing Xe nucleus in the laboratory frame is
2
Ek = P )
2mxe
where mxe is the mass of the Xe nucleus. From this,
dP 2mxe  2M 1 2M 1
k Do Do Ek V24) 5 MU%
Here we used
mxe = M)
while ) )
gr= o _ o (14)

K T omx  2M
is the kinetic energy of the incident dark-matter particle in the laboratory frame. Thus,
for the dark-matter model assumed in the problem, in the laboratory frame the kinetic
energy of the outgoing nucleus is uniformly distributed between 0 and Ef(n.

Method 2. The kinetic-energy distribution function of the Xe particle satisfies
p(0) 27 sin 0 df = p(Ex) dEx (11)

The relation between the kinetic energy FEiy of the Xe particle and its outgoing angle 6 is

Ex(0) = %MU% cos? 6, (O <0< g)
(12)
E(0) =0, (g <0< 71')

From Egs. (11) and (12),

2 cosfsinf 1 1
E.) = - , 0< Ey < =Muv? 13
PLEx) Muvkcosfsing 1, o <_ k=2 UO) (13)
0 —Mwv
5 %0

Therefore the kinetic energy of the Xe particle is uniformly distributed over the range
0< B < %MU% (corresponding to 0 < 6 < 7).

(2) The total number of nuclei is

o Mtotal o 1.0t

Nxe = X Ny ~ 4.6 x 10%7 (15)

mxe  132g/mol

15



CPhO 38th (2021) — Final — Theoretical Examination (Solutions) English translation

where Ny is Avogadro’s number. The probability that one nucleus is hit by a dark-matter
particle within one year is

P =out X (16)
mx

where o is the collision cross-section, v is the speed of the dark matter, ¢ is the total time,

and px and mx are respectively the density of dark matter and the mass of a dark-matter
particle X. Substituting the numbers,

Py ~1.9x107% (17)

This probability is far smaller than 1, so we may neglect the case in which one nucleus is
hit by two dark-matter particles. Hence, in one year, the total number of collisions in this
detector may be estimated as

N¢ = Py Nxe =~ 87 (18)

so about 87 collisions occur.

(3) Since the kinetic energy of the outgoing nuclei produced by the collisions is uniformly
distributed between 0 and Eli(n, the number with outgoing kinetic energy larger than a
threshold E}y, is

Ein _ Eth
Ns = Nc % (19)
Substituting the data of the problem into Eq. (14),
E" ~ 28 keV (20)
By the problem,
Ethr = 10keV.
From Egs. (17), (18) and (19),
Ng = 56 (21)

The number of dark-matter signals produced in this detector per year is 56.

(4) This cut-off is caused by the escape speed: a dark-matter particle whose speed exceeds
the escape speed may escape from the gravitational binding of the Milky Way.

(5) Let mx be the mass of the dark-matter particle and vx its speed in the laboratory
frame. The speed of the centre of mass c of the dark-matter particle and the stationary
xenon nucleus relative to the laboratory frame is

ox (22)

Vo = VX ————.
mx + MXe

In the laboratory frame the maximum recoil speed that the xenon nucleus can obtain in a
collision with a dark-matter particle is

mx

v =20, = 2ux —MM. 23
T max © XmX T mxe ( )
The maximum recoil kinetic energy that the xenon nucleus can obtain is
Ermax = imxevrmax = §mxvx m (24)
The condition for the laboratory not to be able to detect a dark-matter signal is
Eimax < Einr, When vx = vpax, (25)

16
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From Egs. (23), (24) and (25), when

mx < = =14 GeV/c? (26)

the detector cannot detect a dark-matter signal.

Problem 4 (charged cell membranes and the counter-ion cloud)

Solution

(1) (i) Near the point x outside the biological-membrane surface take a small volume with
unit-area base and thickness x + dz (its top and bottom both parallel to the membrane
surface). By symmetry the electric field strength outside the biological-membrane surface
depends only on z, so the field strengths at the top and the bottom of the small volume may
be written E(x + dz) and E(x), the positive  direction being taken as positive. Gauss’s
theorem gives

E(z+dz) — E(z) = gen(:c) dz,
while 4
¥
E _r
(0) =~
so that the two equations give
d?p e

The electrostatic potential energy of a positive ion of charge +e in the above field is ep.

Boltzmann statistics gives
ep(x)
n(w) =nge” i1, (2)

where ng is the number density of the positive ions where ¢ = 0, so that the equation
satisfied by ¢(x) is
d?¢ o eng e

———e &T. (3)

de? ~ ¢
(ii) The boundary conditions of ¢(z) are
¢la=0 =0, (4)
de (=9)
SP) o _Blpg=-—2, 0 5
P --Bo--E2 >0 6

Here we have noted that the surface charge density of the outer membrane surface is —o
and that the interior of the membrane may be regarded as a conductor.

(iii) Substituting the trial solution ¢(z) = Aln(1l + Bx) (which already satisfies Eq. (4))
into Eq. (3),

AB? eng eA
—————=——(14 Bx) *T
(14 Bx)? € (1+ Bz) ’
and comparing the powers of (1 + Bz) and the coefficients on the two sides,
2kT
4= (6)
e

17
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2
npe
B=4/——
2ekT’ (™)

Substituting the trial solution ¢(z) = Aln(1 + Bz) into Eq. (5),

AB = g
0 __9¢ (8)
- 2ekT’
From Egs. (7) and (8),
- )
07 2ekT
From the trial solution and Eqgs. (6), (8),
2kT oe
ple) = Tm<1 + QEka> ’ (10)
and from Eqs. (2) and (9),
o? 1
n(x) = 5ok T ek (11)
1
(1+ 55577

(iv) The total charge in the infinitely tall cylindrical volume whose base is a unit area of
the outer membrane surface is

[e’e) 2 [ee) d [e’¢) d
Q:e/ n(a:)dxzae/ a 2=U/ Y =o0. (12)
0 2T o (14 22 o) b TP
—z
2ekT
Hence the whole system (including the outer membrane surface) is electrically neutral.

(v) The electrostatic field energy density satisfies

1 1 [(dp)?
e D . 1
U= 5 2€<dx> ’ (13)
where ce
de 2T
= ekl (14)
x € 1+ 7
2ekT

so the total electrostatic field energy in a sufficiently tall cylindrical volume whose base is
a unit area of the charged outer membrane surface is
oe

1 [ (dp\? kT [® 56T
Us= s/ <<p) dz =2 / 2ekT 5 da
2" Jo dz e Jo (1+ oe :z)

2¢kT
okT /Oo dy okT
o (

e

(15)

1+y)?2 e
On the other hand, the total electrostatic potential energy of all the positive ions in the
same volume is

oe
0 2 coIn(l+4+ ——=x 2%5kT [ In(1
U= [ en(a)p(z)de = o 2kT ( Mngx: id . Cint)
0 2ekT 0 <1+ oe x) e Jo (+y)
2ekT
__2okT/°°1n(1+ yaL _QGkT/‘X’ dy  20kT
N e Jo Y I+y e Jo (A+y)2 e °
(16)

18
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Here we have noted that the positive ions considered are only a very small part of all the
positive ions, so the charge of the positive ions considered may be regarded as a test charge
in the field produced by all the charges (including the whole positive-ion charge and the
surface charge on the outer membrane surface).

(2)(i) By analogy with Eq. (3), the differential equation satisfied by ¢ is

2
ij = —?e*% (D <z <+D, ¢lz=0=0) (17)

Substituting the trial function ¢(z) = Aln[cos(Bz)] (which satisfies the boundary condition
30‘1:0 = 0)7

1 eng _eA
AB2—— -~ % B kT
cos? Bx € Cois) ’
so that ST
4= (18)
e

nge?
B=V\ 3t (19)

(ii) By analogy with Eq. (5), the other boundary condition is

d _
— = L U), (0 >0)
dr|,__p €
Substituting the trial solution ¢(x) = Aln[cos(Bx)],
de _ —AB tan Bx (20)
de ’
so that o
ABtan BD = —,
and inserting the expression (18) for A,
oeD
BDtan BD = . 21
o 2ekT (21)

Writing 6 = BD, it satisfies the transcendental equation

eocD

ftand = 5ok T

T
= 0<b< —.
K, 2

eD
g is a definite constant. In the case considered in this

Once D, o, g, T are given, kK =
problem o is very small, even equal to 0; and when o = 0 the transcendental equation
above obviously has the solution # = 0. The physical solution must be continuous and
cannot cross a singular point. Therefore the physical region of the transcendental equation
considered is 0 < 0 < 3 From solution Fig. 4a one sees that in the physical region

T
0<0< 5 the transcendental equation considered has one and only one root 6 (indeed,

T
since 6 and tan 6 are both monotonic functions of € in the region 0 < 6§ < 5 their product

k(6) is also a monotonic function of €), which is exactly in accordance with the uniqueness
theorem of electrostatics. Once 0 has been determined,

B=—
Da

19
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so that
_ 25l<:TB2 _ 2ekT6?

ny = =——
e2 e2D?

Thus, given D, o, €, T, the value of 0 is fixed, and ng is then completely determined.

(22)

K
\
Kk=0tand ||
\
\
oeD |
2ekT }
|
\
|
|
|
|
\
|
6
6 &
FREEE 4a

Labels: @& 4a = Solution Fig. 4a.

(iii) By analogy with Eq. (2), and using the trial-solution form ¢(z) = Aln[cos(Bx)]
together with Eq. (18),

n(x) =nge” kT = ng[cos(Bzx)|” FT =ng—s——, (23)

where ng and B are as above, so that

1
+£D) = ng—5—=— = no(l BD) = 2
n(+D) = ng “2BD no(1 4 tan ) = ng + ng tan” 0,
while )
2ekT 2ekT [ ogeD o?
tan® 6 = ftang)* = =
notan”6 = 75 (Btand)” = 1o <25kT> 2k T’
o
o? 4
+D) — = . 2
n(£D) —no = 5= (24)

(iv) Using the expression (23) for n(z),

D D 2
dx 2e 2¢kT0 2e 2¢kT0 oeD
dz = —=————tanf= ————-5—— =2 25
/_D en(z) dz = eno /_D cosBr B e2D? % B e2D? 2¢kT e (25)

oeD

ekT
parallel planes each carry the surface charge density —o, the whole system is electrically

neutral.

where @tanf =

and @ = BD. Since the two uniformly negatively charged infinite

(v) For one of the two charged planes, the other charges of the system are the negative
charge on the other plane and the positive charge of the positive-ion cloud; their total
charge is exactly equal in magnitude and opposite in sign to the total charge of this plane,

20
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which is equivalent to the other plate of a parallel-plate capacitor, so the electrostatic force
per unit area that they exert on this plane is

fe = 2757

directed outwards from the biological membrane, i.e. towards the other plane. As for
the pressure produced by the collisions of the positive ions, according to the hint of the
problem it is completely analogous to the pressure of an ideal gas (a “positive-ion gas”), so

o? 2ek2T%0% o2
=n(xD)kT = K= ———+ — 26
fo=n(£D) (no + 25kT> e2D? * 2¢’ (26)
directed into the biological membrane. The resultant force is
2ek2T26?
f=/n— fe=nokT = T e2p2 (27)

directed into the biological membrane. That is to say, the resultant of the electrostatic
force and the pressure of the positive-ion gas produces a repulsion between the two charged
planes. It is worth pointing out that both inside and outside the membrane there is water,
and the water pressures on the two sides of the membrane cancel and are not considered.
Method 2. The plane x = 0 divides the system of positive ions (including the corresponding
liquid) between the two charged planes into system I and system II. Take for system I the
positive ions (including the corresponding liquid) between the plane x = 0 and one of the
two charged planes; system 1I is then equivalent to a plate of surface charge density +o,
and its action on I is exactly cancelled by the action on I of the adjacent charged plate
of charge density —o, so it need not be considered. Therefore, besides the force exerted
on I by the charged plane and directed into I (whose magnitude per unit area f equals
the magnitude per unit area of the resultant of the electrostatic force and of the positive-
ion-gas pressure experienced by the charged plane), system I also feels the pressure of the
positive-ion gas at the plane z = 0 (directed into I), whose magnitude per unit area is

Jno = nokT (26)
Since system I is in mechanical equilibrium,

J = fno
SO
2ek2T262
e2D?
It is worth pointing out that both inside and outside the membrane there is water, and
the water pressures on the two sides of the membrane cancel and are not considered.

(vi) From Eq. (26), 0\ 2
7 (5) .

oeD
«9tan9 = m,

so it too depends on D. In the small-distance limit

oeD
2¢kT

f = nokT = (27)

and 6 satisfies

<1,
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so one may take tan @ =~ 6, and then

oeD
0~ ek T x VD,
so that )
VD 1
— —. 2
[ ( 5] *p (29)
In the large-distance limit
oeD -
2ekT ’

so one may take
m
0 ~ — = constant,
2
and then 0
[ D2 (30)

Equations (29) and (30) show that f decays as the distance increases.

Problem 5 (paramagnetism, ferromagnetism, antiferromagnetism and vortices)

(1)(i) By the problem, the magnetic moment of a molecule equals the spin magnetic
moment of an electron,

uz_—eS.
m

Its energy in the external field B is

h
E=-p-B=28B=+""B=+mB
m 2m

e
where myg = —, and we have taken B = B2, Z being the unit direction vector.

According to Boltzmann statistics, the number of molecules (the occupation number) in
the state of energy F satisfies

mgB

Ni x et w1 (1)
The total number of molecules is
N =N, + N_.
The two equations above give
Ny oFmoB/kT
N~ emoB/kT y g—moB/kT (2)

The average magnetic moment of each molecule is

—moN4 +moN_
(m) = ———t— (3)
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By the definition of the magnetization,

emgB/k:T _ efmoB/kT " moB
_ _ 2 _ KT _ mo B
M = n(m) = nmg BT . o= BJRT nmgﬁ = nmg tanh T (4)
2 kT
In the high-temperature approximation
h
KT > —~ B =mB
2m
we have
tanh moB moB
n = :
B T A ¥
From =
M=yH=-—2=x~2Xp (5)
L+xpo  po

where x < 1 has been used, and from Egs. (4) and (5), in the high-temperature approxi-
mation

kT

¢
T
O]
k

(6)
and hence

(7)

(ii) Above the Curie temperature 6, the Weiss law

_C
XY= T
gives
C
M=xH=—H
X T_0™"
that is
Tyvi—w+lv-nH+nH (8)
c c "
Therefore there exists an additional magnetic field (the so-called “molecular field”)
0
Hp, =—=M,
C

and comparing with the expression given in the problem,
H,, =vM,

we obtain

Ql =
—~~
Ne)
S~—

’)/ =
In the case in which all the magnetic moments are aligned, Eq. (9) gives

0 0 k6
H,=YM=—-M=——-—nmyg= —— 10
7 C ponmd/k 0 Hommo (10)
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(2)(i) If this molecular field is regarded as being supplied by the nearest-neighbour spins,
then the molecular field (effective field) that each spin supplies to its nearest-neighbour
molecules is

s (11)
2pomyg

Hereafter, for brevity, H] will be written Hy,, but understood as an effective field. In this
molecular field the spin energy is

1
E= —moBm = —mO,U()H =S —5]69 (12)

The energy of the whole system is

Ey = —%(N —1)k8 (13)

(ii) Before the spin on this non-end lattice site flips, the energy of the molecular field it
supplies to its left and right nearest-neighbour spins is

<_;k9 - ;kz«9> = (—k0).

After the spin on this non-end lattice site flips, the energy of the molecular field it supplies
to its left and right nearest-neighbour spins is

1.1
<+2k9 + 2/<:9) — (+k6).

Compared with the case of question (2)(i), the energy of the system increases by

(+k0) — (—k0) = 2k6 (14)
(3)(i) The A-site spin energy is

—popep - Hina = —piopes - (—ABHB — QAAMA)

15
— solapta - n — Bi) = —po(Bmd — om?) = —pomi(B—a) )

[Translator’s note: As printed. In the middle expression o and [ are interchanged: with axp = f
and aap = « it should read po(Bpey - g + a,u2A), which with p, - pg = —m3 gives the printed final
result./

Similarly, the B-site spin energy is the same as that of the A site. The total energy is

1 1 1
En = _E(N — Dpom3B + i(N — 2)pomia <or En = —§Nu0m3(6 - a)) (16)

(ii) The molecular number densities of the A and B sites are each g For the A site,

C .
My = ﬁHA, ie. My=

C
iy, = —(H+ H 1
KA QT( mA) ( 7)

where 1, is the average value of s on the A site and M, is the corresponding magneti-
zation; similarly, for the B site,

n_
Mg = 3 pp = o (H + Hip) (18)
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When the external field H is zero, if spontaneous magnetization occurs this corresponds
to the antiferromagnetic phase transition, i.e.

C

My = —(—aapMp — asaM,) (19)
nT
C

Mg = n—T(—aBAMA — appMB) (20)

that is g o
<1+nTOé)MA+nT,BMB:0
C C
nTﬁ A+( JrnTa> 2 =0

For a non-zero solution the determinant of the coeflicients must vanish:

C c
Tt
det n n =0 (21)
E B 1+ ga
nT T
that is
r=-S(-a) (22)
n
2
This is the Néel temperature; substituting the expression C' = 'LLOT]:mO,
M0m2
T =205 ) (23)

(4)(i)
Method 1. Consider a closed loop of radius r around the vortex centre; on this loop there

are altogether
2
N2
a
magnetic moments. Since the total change of the angle # in going once round the loop is
2xl, the average value of the change of the angle 6 between neighbouring magnetic moments

(the difference of the 6 angles) is

2ml 2l la

<9i79j>:W: 27r/a T (24

Method 2. Take any two neighbouring lattice points 7 and 7+ dr on a closed loop of radius
r around the vortex centre, and let the directions of their spins S(r), S(r + dr) be 6(r),
O(r 4+ dr); then

O(r+dr)—0(r) =VO(r)-dr = |Vl(r)|n(r) -dr

Because of the symmetry of the vortex about the axis through its centre, |VO(r)| at every
point r depends only on r, and the direction of VO(r) at every point r is ng. (Note:
let the angle between the spin direction at the lattice point at r and the z axis of the
two-dimensional plane be 6,.; then

df, =V, -dr = (%ﬁe + %ﬁr> -rdn,
T

0
06, _
50 rdf = |Vo,|rdé
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), and dr = (rdf)ny, so that going once round a closed loop about the vortex centre the
change of the angle 6 is

ol = fve(r) .dr = |V6(r)| frde — 2mr [VO(r)|

hence
[VO(r)| =
Similarly
0i(ri) — 0;(r;) = [VO(rs5)| a,
SO

la

Oi(rs) = 0(rs) = —,

and therefore
la

(6: = 6) = = (24

(ii) Since the change of the angle of the magnetic moments along the circumference is very
small, the energy of the system is

) __JZCOS —0) =T [1_;(91—@‘)2]
(1,9
:E0+§ . D Bi—y)?

r€la,L] (i,j)e{r}

(25)

Method 1. The energy of one vortex is
Evortex = E({e}) -
2m
z Z Z ; — 0;) / dr/ rd6 |V6(r (26)
T’G[a L] (i.g)e{r}

hence ) ,
T 2 [
Eyortex = / dT/ rdf |Vt9 2 TFJ d?" — = 7T<]l2 ln = (27)

T a

Method 2. The energy of one vortex is
Evortex = E({Hz}) -

:% YooY (-6’ =

po|

> N6 —6;)°
ré€la,L]

rela,L] (i.j)€{r} (26)
Jf 27r <la>2 9 a
= — Z — | — ) ==nJl Z —
2 ré€la,L] a " r€la,L] r
SO 5
A d L
Beortex =72 Y = —7gi? | L =72 = (27)
ré€fa,L] r a T a

Method 3. Consider a thin two-dimensional annulus centred on the vortex centre O with
radii 7 — 7 + Ar (r > a, rAr > a?). The angle between two neighbouring magnetic
moments, Af = 0; — 0; < 1, allows the approximation

J AB)2.

—J(cosAf — 1) =~ 2(

26
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Let [ = 1. In solution Fig. 5a, a, b, ¢, d are the nearest-neighbour lattice sites of the
site e, and Oz is the horizontal axis of the two-dimensional z—y (square lattice) plane.
Let the length Oe be r and the angle between Oe and Oz be «; by the problem, Oe is
perpendicular to the spin orientation at the site e (which is parallel to the line fg) (similarly
for the others). Let the angles between the spin orientations at the sites b, ¢ and the spin
orientation at the site e be fpe, Oce (and similarly for the rest); since Ox L be and Oz || ca
(or be L ce), we have

/beg = Zx0e = a, Lcef = g — Zbeg = g -«
so that .
a cos o asin a
9be = > Oce =
T r
and similarly
acos o asin o
ede = ) Oae = .
r T

Solution Fig. 5a.
The interaction energy between the magnetic moment of the site e and the magnetic

moments of its nearest-neighbour sites is

J |1
<Ea>l=1 = 5 |:2(9}?)e + 9(21e + ege + Qge):|

1
where the factor 3 in front of the round bracket appears because the interaction energy

between magnetic moments on adjacent sites is shared by the magnetic moments of the
two adjacent sites. Hence

J acos a2 asina\? Ja?
<Ea>l-1—4[2( ; >+2< ; >]_2

For arbitrary [, since A6 is proportional to [ while the interaction energy is proportional

to (A6)2,

J1%a?
2r

<Ea> =

which depends only on 7.
The number of lattice magnetic moments contained in a thin annulus centred on the vortex
centre O with radii 7 — 7 + Ar (r > a, Ar small enough, but rAr > a?) is

B 2mrAr

An >

a

27



CPhO 38th (2021) — Final — Theoretical Examination (Solutions) English translation

The interaction energy of all the lattice magnetic moments in the thin annulus r — r + Ar
is

2.2

JI%a* 2nr Ar _ lezg
2 2N 2 7
It is worth pointing out that in a three-dimensional model the nearest neighbours of the
site e should also include the two nearest-neighbour sites m, n in front of and behind it
(in the direction through e perpendicular to the original plane); but by the problem the
directions of the magnetic moments at m and n are both parallel to that at e, so they do
not contribute to the interaction energy.

The energy of one vortex is

AE, = (E))An = (26)

r r a

L L L
A L
Evortex = ZAET = 7T<]l2 Z l = 7T<]l2/ g = 7TJl2 In — (27)

r=a r=a

Method 4. First compute the energy of a spin-magnetic-moment vortex with [ = 1, see
Fig. be; the lattice constant is a.

By the problem: (1) only the interaction energy between nearest-neighbour magnetic mo-
ments is considered, i.e.

E({0:}) = —J ) _ [cos(t; — 0;) = 1],
(i,9)

where (7, j) denotes that i, j are nearest neighbours (note: here the energy has already been
“renormalized”, that is, the energy of the ferromagnetic ground state has been taken as 0);
(2) for the [ = 1 vortex the direction of every magnetic moment (assumed all clockwise) is
always perpendicular to the radius from the vortex centre to that magnetic moment; (3) on
average, the area occupied by each lattice site is a2, so the number of magnetic moments
contained in any microscopically large but macroscopically small area AS is AS/a?.

Now consider a thin annulus centred on the vortex centre with radii r — r+Ar (rAr > a?);
its area is 2mrAr, so the number of magnetic moments it contains is

2wrAr
a2

An =

Consider the region far from the vortex centre, so that the angle between two neighbouring
magnetic moments Af = 0; — 0; < 1 and one may take the approximation

_J
T2
A magnetic moment has 4 nearest neighbours. Consider two extreme cases. The first is
that this unit cell is exactly perpendicular to the ray from the vortex centre to this unit
cell, see solution Fig. 5b. Then the angle between a given magnetic moment and its two
transverse neighbouring magnetic moments is 0 and the interaction energy is also 0, while
the angle with its two longitudinal neighbouring magnetic moments is a/r, so the average
value of its interaction energy with the nearest-neighbour magnetic moments is
J 1 a®>  Ja®
(Ei):f.f.g.ﬁszz,
2 2 T 27
The second is that this unit cell makes an angle of 45° with the ray from the vortex centre
to this unit cell, see solution Fig. 5c. Then the angles between the given magnetic moment
and its 4 neighbours are all a/(v/27), so the average value of its interaction energy with
the nearest-neighbour magnetic moments is
J (a/v2)?

4
=5 e *5=

—J(cos Af —1) (AB)2.

Ja?
272’
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fif i Sc

fift R Sb

Labels: f#8& 5b = Solution Fig. 5b; f#@i& 5¢ = Solution Fig. 5c.

We find that the two are exactly the same! Extending the above analysis to the other cases,
it is easy to see that this conclusion applies to a unit cell in any position (orientation),
because we always have sin? o 4+ cos? & = 1. So the general conclusion is

J a?
The interaction energy in the thin annulus » — r + Ar is
J a® 2mrAr Ar

and integrating r from a/2 to L/2 gives the total energy of a single vortex,

L/2 g L
Evortex = 7TJ/ — =7nJIln—.
a/z T a
The extension of the above conclusion to arbitrary [ is immediate: A#@ is proportional to [
while the energy is proportional to (A#)?2, so

L
Elvortex = mJ 12In =, (27)

a

(iii) The vortex centre can be placed at

L2
==
P
possible positions, so the entropy of a single vortex can be estimated as
L? L
S=klnQ=kln— =2kln— (28)
a a

(iv) The Helmholtz free energy of a single vortex is
L
F = Ey+ (nJI? = 2kT) In - (29)

From Eq. (29), the possible phase-transition temperature of the system is

wJI?
= ok (30)

nJI?
When T' < ——, the free energy of a single vortex diverges to +o0co as the size L increases,

which shows that in this case the system does not favour the formation of a single vortex;
2

7
when T > ——, the free energy of a single vortex diverges to —oco as the size L increases,

which shows that increasing the number of vortices can lower the free energy, and in this
case the system tends to form single vortices.
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