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(] are set here as bracketed remarks. The per-question marking schemes printed at the end of
each problem are translated in full. Obvious misprints of the source are transcribed as printed,
with a translator’s note giving the correct form.

Problem 1 (rainbows: deviation angle, colour order, polarization)

(1) The angle of incidence is i; let the angle of refraction be r. The law of refraction gives
sini = nsinr (1)

Each refraction turns the ray through the angle (i —r) and each reflection turns it through
the angle (7 — 2r), so the deviation angle of the order-k outgoing light is

Op =20 —r)+k(r—2r)=kr+2i—2(k+1)r (2)

Substituting (1) gives

1
Op =km+2i—2(k+1) arcsin(n sin z) (3)

(2) From (2), for 6, to take a minimum we require

doy, dr

Tk 9 9k +1)=— = 4
di Ch )di 0 )
From (1),
dr  cosi cos 1t (5)
di  ncosr  /n2 —sinZi
Substituting into (4), .
22k +1)—— = (6)
n? — sin?i
. . - d . 1 )
[Or: using the differentiation formula q 2resing = Wi directly from (3),
73 —z
dé ' '
B o+ 1) =" o g1t g, (6)
di /1 — (sini/n)? n2 — sin?



CPhO 40th (2023) — Final — Theoretical Examination (Solutions) English translation

= ar = ar

Substituting into (3),

| Solving,

fl = 1l
Orm = km + 2arccos 2(k+1) arcsm< 1— k:(k+2)> (8)

(3) From (2), the rate of change of 6; with respect to the refractive index n is

doy, dr

Tk — ok + 1)<
T (k+1)7 (9)
From (1),
dr _ sinr _ sin ¢ (10)
dn nCcosT P — il
Substituting into (9),
2 1 in ¢
Aoy _ (k+1) sini (1)
dn i n? — sin?i
[Or: us d arc ! directly from (3)
r: usin resing = ———, dir rom (3),
g - dz T2 Y
% _ o+ ( 1/n?)sini 2(k+1) sin (11')
dn \/1— (sini/n)? n \/n? —sin?i
| When i = i, substituting (7),
1 n?—1
dby, _2(k+1) k(k+2)
dn i:ik_ n 14 n?—1
" k(k+ 2) (12)
_2(k+1) k(k+2)+1-n2 2 [(k+1)*>—n?
o k(k+2)+1)(n2—-1) n n? —1
(4) For the order k = 1 (the primary bow), (8) gives
ged = 137.34°,  gyiolet = 139.50° (13)
The angular width is
51 =[Oyt — gred| = 2.16° (14)

The angles subtended at the observer by the red bow and by the violet bow are 7 — #1¢d =
42.66° and 7 — @Yot = 40.50°, so

violet is on the inside, red is on the outside (15)
For the order k = 2 (the secondary bow), (8) gives

05d = 229.84°,  gyiolet — 933 73° (16)
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The angular width is

5y = gviolet _ Qred — 3.89° (17)

2m 2m

The angles subtended at the observer by the red secondary bow and by the violet secondary
bow are 54 — 7 = 49.84° and @yt — 7 = 53.73°, so

red is on the inside, violet is on the outside (18)

Appendix: the sketch of the primary and the secondary bow is as shown.

—_(P’f@f@

Labels: 2L = red; & = wviolet; .. = primary bow; 8 = secondary bow.

(5) Let the electric-field amplitudes of the s and of the p polarization of the incident light
both be Ey. For the order-k bow the angle of incidence is i; and the angle of refraction
is ry; after the refraction from air into water, the k reflections inside the water and the
refraction from water into air, Fresnel’s formulas give for the electric-field amplitudes of
the s and of the p polarization

> 2 cos 1ty T COS T}, — COS 1, K 2n cosry (19)
k= - : ;
° COS 1k + M COSTE [N COSTE + COSTE| M COSTE + COSt
2 cos g COS T} — M COS 1 K 2n.cos 1
Epk = : X . EO (20)
N COS 1k + COSTE | COSTE + N COSeE | COSTEL + N COSig

For the order k = 1 (the primary bow), i1 = 59.64°, r1 = 40.49°; substituting into (18)
and (19)* gives
Eis = 0.2063E,,  Ey, = 0.0618E, (21)

Since the intensity is proportional to the square of the electric-field amplitude,

Iy  E%4  0.29632E3  0.08779

S = = = 22
It EZ  0.06182EF  0.00382 (22)
The degree of polarization is
Isl - Ipl
= —— =91.65% 23
YT+ I ! (23)
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For the order k = 2 (the secondary bow), iy = 71.97°, ro = 45.68°; substituting into (19)
and (20) gives
Fos = 0.1875Ey,  Eap = 0.0625E,, (24)

Since the intensity is proportional to the square of the electric-field amplitude,

Io E%  0.1875°E3  0.03516

2 N = = 25
Iy EZ, 0.06252E5  0.00391 (25)
The degree of polarization is
I — Ip2
=== =79.99% 26
2T T+ I ’ (26)

(6) Near the primary bow the wavefront of the outgoing light is different from that of the
incident light: it is no longer a plane wave but has become distorted. This extra optical
path difference makes the outgoing rays interfere, and thus produces the “supernumerary
bows”.

Marking scheme.
This problem carries 40 points.

Part (1) 3 points: (1)(2)(3) 1 point each;

Part (2) 6 points: (4)(5) 1 point each, (7)(8) 2 points each;

Part (3) 6 points: (9)(10) 1 point each, (11)(12) 2 points each;

Part (4) 10 points: (13)(16) 2 points each, (14)(17) 1 point each, (16)(18) 2 points each’;
Part (5) 12 points: (19)(20)(21)(23)(24)(26) 2 points each;

Part (6) 3 points.

“Translator’s note: The source prints “(18)(19)”; the equations actually used are (19) and (20).
® Translator’s note: As printed, equation (16) appears twice in the part-(4) marking scheme. From the
total of 10 points the last item should read “(15)(18) 2 points each”.

Problem 2 (rod on a rapidly oscillating pivot: effective potential)

(1) In the translating non-inertial frame of the axis O, introduce the translational inertial
force (taking vertically upward as positive)

Fiy = —m% = mw?Acoswt (1)

This translational inertial force acts effectively at the centre of mass of the uniform rod;
the rotation theorem for the rod gives

1 ..
—(mg — Fm)i sinf = —mi*f (2)
2 3
Substituting (1) gives the dynamical equation for 6(t),
l 1 i
—(mg — mw?A cos wt)§ sinf = gml29 (3)

(2) Substituting # = ¢ +J (0 < 1) into (3) and expanding to first order in 4,

1 .
—(mg — mw?A coswt)é(singp +cosp-9d) = gml2(¢ +9) (4)
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that is,

l l [ 1 »
—mgs sinp — mgz Cos - 8 +mw?A coswt 3 sin ¢ 4+ mw?A cos wt 5 cosp 0= gmlz(gb +9)

Method 1. Since §(¢) is a small high-frequency oscillation of angular frequency w > /g/l,

27
the time average of a physical quantity x over one high-frequency period T'= — is
w

t+T
() = % /t 2(t)dt’

Taking the time average of (4) over one period of 4(¢), with ¢ and ¢ regarded as unchanged,

{ l {
—mgg sin p — mgz cos ©(0) + mw2A§ sin p(cos wt)

1
+ mwQA% cos (0 - coswt) = gml2(¢ +(4))
Taking into account
(6) =0, (coswt)=0, (§-coswt) to be determined, (3) =0

we obtain

l l 1
—mgy sin ¢ + mw2A§ cos (0 - coswt) = ngQQE (5)
In order to determine (¢ - coswt), multiply both sides of (4) by cos wt:
. l 9,0l . 2
—mg sinyp cos wt — Mg Cos 0 coswt + mw A§ sin p cos” wt

(6)

l 1 .
+ mw2A§ cos ¢ 8 cos® wt = gml2(gb' coswt + d coswt)
Taking into account )
6= —w? (7)
substituting into (6), and then taking the time average of (6) over one period of §(¢) with
@, ¢ regarded as unchanged,

l l
—mgy sin p(coswt) — mg cos (0 - coswt) + mw2A§ sin p(cos? wt)

(8)

l 1
+ mw2A§ cos (6 - cos? wt) = gml2 (@{coswt) — w?(s - coswt))
Taking into account

1
(coswt) =0, (cos?wt) = 2 (6 - cos?wt) =0

we obtain
—mg; cos (0 - coswt) + mw A§ sing - 5 = —gml w?(d - coswt) 9)
Solving,
3
—Zw?Asing 34
(0 - coswt) = % =17 sin ¢ (since w? > g/1) (10)
w2l — 2908y
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Substituting into (5) gives the dynamical equation for ¢(t),

l 3 1
—mg; sin ¢ — §77’L<,UQA2 sin p cos @ = §m12¢ (11)
Method 2. Since §(¢) is a small high-frequency oscillation of angular frequency w > /g/l,
put )
o(t) = dp cos wt, 6 = —w?8p cos wt (5)

Substituting into (4),

l
—mg; sin p — Mg Cos 8o cos wt + mw? A cos wt 3 sin
(6')
l 1 "
+ mw2A§ cos ¢ 8o cos® wt = ngQ(gb +9)

Taking the time average of (6") over one period of §(t), with ¢ and ¢ regarded as unchanged

1
and using (coswt) = 0, {cos? wt) = 50 We obtain

% = Iz ()

[ . 9 .1
—mgy sing + mw A§ cospo =2

To determine dp, substitute (5’) into (4) and multiply both sides by cos wt:

[ . ! 2 24l 2
—mg§ smgocoswt—mgi €os  dg cos” wt + mw A§ Sin ¢ cos” wt -
8

l 1
+ mszi cos p & cos> wt = ngQ(gb cos wt — w28y cos? wt)

Taking the time average of (8') over one period of §(t), with ¢, ¢ regarded as unchanged

and using (coswt) = (cos3wt) = 0, (cos? wt) = 50 e obtain

l 4 l 1 1 0,
—mg;, cos g0§0 + mw2A§ sin Py = gml2 (—w20> (9)

Solving,
3 .
—§w2A sin ¢ 3A ) . 0
50:fx—§781ng0 (since w* > g/I) (10)
w2l — 29Cos®

Substituting (10") into (7’) gives the dynamical equation for (%),

l 3 1
—mg; sin ¢ — émchA2 sin p cos @ = gml2¢ (11

Method 3. Since §(¢) is a small high-frequency oscillation of angular frequency w > /g /1,
d o< A is a small quantity while § oc w?A is not. On the left-hand side of the last equation,
the first term has nothing to do with the high-frequency micro-oscillation, the second

and the fourth terms both contain § and are small, and the third term is the term that
determines d; that is,

l P
mw2A§ sin ¢ coswt = gml25 (5”)
Since 0(t) is a steady micro-oscillation, the expression for §(¢) is
3A
a(t) = 57 sin ¢ cos wt (6”)
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Substituting §(¢) back into the original equation (i.e. into (4)),

l [ l
— mg—=sing —mg=cos ¢ - 6 + mw?Acoswt — cosp - §
2 2 2 (7)
3 1 .
— meQAQ sin ¢ cos ¢ - cos® wt = ngQ(gb +9)

Taking the time average of (7”) over one period of §(t), with ¢, ¢ regarded as unchanged

1
and using (8) = 0, (§) = 0, {cos? wt) = 50 Ve obtain the dynamical equation for ¢(t),

l 3 1
—mgy sinp — gmcL)QA2 sin ¢ cos p = gmﬂgb (8")
(3) The left-hand side of (11) may be regarded as a conservative torque; its relation to the
potential energy is

l d
M(yp) = —mgy sin ¢ — gmw2A2 sin ¢ cos p = _sz;(cp) (12)
Combining with V(¢ = 0) = 0 we obtain
0 1 3 9.2 2
Vinlo) = [ M(p)do = jmgl(1 = cos) + mat 21— o) (13)
)

(4) At an equilibrium position g the function Veg(p) has an extremum; the condition to
be satisfied is

Vir(oo) = —M(i0) = @mgz + S A% cos @0) sin g = 0 (14)
Solving,
singpg =0 or cosgpy= —3;12% (requires w? > ;jé) (15)
The equilibrium positions are respectively
o =10 (16-1)
po =T (16-2)

4ql 4ql 4ql
o = + arccos ( 3w29A2) =+ (7’[‘ — arccos ?MgAﬂ> <requires w? > 332> (16-3)

When the rod deviates from the equilibrium position ¢g by a small angle ¢’ (¢’ < ¢o),
the energy of the rod can be written as

11 . 11 .. 1
E= §§ml2<ﬁ2 + Ver(p = o + ¢') = §§ml2¢’2 + Vesr(ip0) + §Véf'f(<po)@’2 (17)

where

1 3
wit(0) = §mgl €cos g + gmwQAQ(Q cos? g — 1) (18)

At a stable equilibrium position Veg(¢) must have a minimum, V(po) > 0; at an unstable
equilibrium position Veg(¢) must have a maximum, Vi(¢o) < 0.
(i) For o = 0: from (18),

1

3
Veie(po = 0) = 3mgl + gmwQA2 >0 (19)
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SO
o = 0 is a stable equilibrium position (20)

From (17), the frequency of the smooth small oscillation of the rod after a small disturbance

is
V// — 0 2 A2
eff((po OJ A (21)
mi?/3 " or

(ii) For ¢ = 7: from (18),

4ql

1 3 <0 wi< 5 ZQ
(o = m) = — gl + S A2 o (22

0 2
> > 3A2
SO

when w? < 3 A2’ o = 7 is an unstable equilibrium position (23-1)

4ql . e s
when w? > 342 Po=Tisa stable equilibrium position (23-2)

(One sees that the rod, originally in unstable equilibrium directly above the axis, can now
hold stable equilibrium at this position because the axis oscillates at high frequency; i.e.
the stability of the equilibrium has changed.)

4gl
When w? > 3%, from (17) the frequency of the smooth small oscillation of the rod after

W =n)_ 1 fraaE 2
mi?/3 T or l
4 4g
(iii) For ¢y = + arccos(—?)wgip) = ot <7r — arccos A2> (requires w? > AZQ) from

(18),

a small disturbance is

1 3 2mg*l* 3
wit(p0) = gmglcospo + ngJQAQ(Q cos® g — 1) = % - §WW2A2 <0 (25)

SO
4ql 4gl R o

(g = Farccos 3242 ) = + | m — arccos 3,2 A2 are unstable equilibrium positions

(26)

4gl 4gl
(5) The potential-energy curves V() for w? < EVE and for w? > 342 2Te shown respec-
tively in the figures below.

V(@)

VY

|
AL

:.—_'L.___________v'
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4gl
. 2 )
(i) When w® < 342"

Vett(¢) increases monotonically in 0 < ¢ < m; so for the rod to be able to move to p = m
the initial angular velocity wg must satisfy

¢ = 0 is a minimum of Vig(p), ¢ = 7 is a maximum of Vog(p), and

L sl > Vaa(ip = ) = gl 27)

Solving,
wp > 679 = we (28)
(ii) When w? > 4—gl: ¢ =0 and ¢ = 7 are minima of Vg(p), while ¢ = 7 — arccos A9l
3A2 w2 A2

is a maximum of Veg(¢); this is the potential barrier within 0 < ¢ < m, so for the rod to be
able to move to ¢ = 7 it must cross this barrier, and the initial angular velocity wg must
satisfy

1l 5 5 4gl 1 3 5. mgi?
igml wy > Vegr (cp = T — arccos 3247 ) = imgl + Emw A®+ 22 A2 (29)
Solving,
39  9w2A? 2g2
wo > T + 312 + 2AZ = Wc (30)

In summary, the critical angular velocity is

6g 5 _ 4gl
I Ve
3g 9w? A2 292 9 4ql
Tt e Toea Y7

When wg < wc, the maximum angle o, that the rod can reach satisfies

11 1 3
§§ml2w§ = Vett(Pmax) = §mgl(1 — COS Pmax) + Emw2A2(1 — cos? Ymax) (31)
that is,
8¢g 8wil? 8gl
2 0 _
05 pmax + 3 g5 OSmex g m " g ~ =0 &2
Solving,

s _ 1| 8 8¢l 2_4 8wil®2 8yl .
Pmax = 5 | 73,242 3242 9242 3u,2A2

Note that here the smaller solution for ¢ should be taken, so the “4” sign should be taken:
1 8gl 8gl > Sw2l2 8gl
Pmax = AICCS 5 | 73,242 * \/<3w2A2> -4 9w2A2  3w2A? ! (33)

Marking scheme.

This problem carries 50 points.

Part (1) 3 points: (1) 1 point, (3) 2 points;

Part (2) 12 points: (4) 1 point; Method 1 (5)(6)(9) 2 points each, (10) 1 point, (11) 4
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points; Method 2 (7')(8')(9") 2 points each, (10’) 1 point, (11’) 4 points; Method 3 (5”)
6 points, (6”) 1 point, (8”) 4 points;

Part (3) 4 points: (12)(13) 2 points each;

Part (4) 18 points: (14) 1 point, (16-1), (16-2), (16-3) 1 point each, (19) 2 points, (20) 1
point, (21)(22) 2 points each, (23-1), (23-2) 1 point each, (24)(25) 2 points each, (26) 1
point;

Part (5) 13 points: (27)(28) 1 point each, (29) 4 points, (30)(31) 2 points each, (33) 3
points.

Problem 3 (Rutherford scattering: impact parameter and cross-section)

(1) The reaction equation for the o decay of 21)Po is

29po — 20Pb + 3He (1)

Since the parent nucleus is at rest before the decay, let the velocities of the « particle and
of the daughter nucleus 2§§Pb after the decay be v and V. Conservation of momentum
gives

0= MppV 4+ mguv (2)

where m and M are the masses of the o particle and of the 2§Pb nucleus. The total kinetic
energy of the final-state particles of the decay is

1 1
Eq = 5Mpbv2 i §mav2 (3)
Solving (2) and (3),
Mg A
Es=E, (1 ~ E, 4
: a<+Mpb) A_4 @

where A is the mass number of the Po nucleus and F,, is the kinetic energy of the « particle,
1 2
E, = §mav = 5.31 MeV

From (4) and the data given in the problem,

Eq = 5.41MeV (5)

(2)

Method 1. As in solution figure 3a, the nucleus A, of mass M and positive charge Ze
(e being the elementary charge), is at the origin, while the « particle, of mass m, energy
FE and charge +2e, is incident with velocity vg and impact parameter b; because of the
Coulomb repulsion F' of the nucleus, the « particle changes its direction and leaves with
the deflection angle . During the scattering, since the mass of an electron is much smaller
than the mass of the a particle, the interaction between the atomic electrons and the «
particle is neglected; and since the mass of the target atom is usually much larger than
that of the « particle, the nucleus is approximately taken to be at rest.

10
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AT
Solution figure 3a

The scattering of the « particle by the nucleus is an elastic process, so after the scattering
the speed of the a particle at infinity is still vg. Therefore the velocity of the « particle at
infinity after the scattering, in the perpendicular direction, is

Voo = Vo sin 6 (6)

During the scattering, the force on the « particle in the perpendicular direction depends
on the distance between the o particle and the nucleus; it is

1 2Zé?
dmeg 12

F), =Fsinp = sin (7)

Since the change of momentum equals the impulse,

27¢e? sin @
(8)

Fy
dv, = —dt =
L= 4dmeg mr?

The Coulomb force is a central force, so the angular momentum is conserved during the
scattering of the « particle:

d
L= mer—f = mupb 9)
From (8) and (9),
27 ¢
dv, = —— sinpd 1
vt 4dmegmugb SEPEY (10)

When the «a particle comes in, its velocity in the perpendicular direction is zero; considering
its asymptotic behaviour at infinity, at incidence ¢ = 0, and when it has been scattered
out to infinity ¢ = m — 6. Therefore, integrating (10),

T—0 2 2

27e 27e
= — T sinpdp=——(1 0 11
tles /0 4mregmugb SiLp dy 47T€0mU0b( FEEE0) (11)

From (6) and (11),
D Ze? 0

b= "cot—- = t — 12
2 Y2 T dreoE ' 2 (12)

1 2Ze? 27¢2

where D = = .
4meg %mv% dreoE

Method 2. Conservation of energy and of angular momentum give

1 (Ze)(2e) 15 9.9 1 4 ’
_F@T—Fim(r +rg0)—§mv0 (6")
L = mrp = mugb (7"

11
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where 7 is the distance from the « particle to the nucleus A (the origin). Also

. dr

drde dr .
s - _

Tt dpdt  dp”
From (6’) and (7'),

omE  4Zm1l 1 1 <dr>2 ()

L2 " dmeol2r  r2 Tt \dp

1
First one sees that taking the coefficient function — of the derivative term on the right-
r

hand side of (8') inside the derivative, i.e.

1A\ _(Lar\®_ A1V A1V
rd \de/) \r2dp) dpr/) =~ \der

suggests introducing the new variable

1
pP=-
”
Equation (8') then becomes
¢ (9)
dp? =
—27¢2 . . . . p .
where C' = ————-—. Solving the differential equation (10)* gives
4dmegmugh
1 1. /
f:C(1+c0sg0)+gsmcp (10")
r

In the case in which the « particle is scattered through the angle 8, when the « particle
goes out to infinity

1
- =0, p=m—0
r
Substituting into (10'), one finds that the scattering angle 6 satisfies
0 1

bt = —— 11
Putting C w2/l to (11')
utting C = into
2 4regmudb? ’
Ze? 0
= t — 12/
dmeoE 02 (12)

Method 3. Take A in Fig. 3b as the pole and the direction of the pericentre as the
direction of the polar axis, and set up polar coordinates (7, ¢); then the orbit equation of
the « particle is

_ -p "
"= 1—gcoso (6%)

<2Z62>_1 L2
=17 —
TEN m

272\ 2 2EL2
q:\/1+< 6) (7
4dmeg m

12

where
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and the orbital angular momentum is
L =mupb =V2mEb (8")

Since r > 0, from (6”)

1
cos¢ > — = cos ¢g
q
so ¢ € (—do, Po), and the corresponding scattering angle is
0 =m—2¢ (9")

SO
0
cot 2 =tan¢g = \/q2 — 1 (10")

Substituting (7”) into (10"),

0 47T60Eb
t = = 11”
cot 5 72 (117)
that is,
Ze? 0
= — 12//
dreg B cot 2 (12°)
Method 4 (using the Runge—Lenz vector). Let the velocity of the a particle be v and its
7 2
angular momentum L, and put the parameter g = 1 ¢ ; then
TEN
B . _ d(mv)
F="p— 6"
2" dt (6%)
dr L
d—;:wxf“:—mﬂ X 7 )
Define the Runge—Lenz vector of the a particle as
B =mv x L+ mpr (8"
Using (6”") and (7"),
dB  d(mw) dr 8. L R
E: dt XLerﬁa:ﬁrXLquﬁWXT‘:O (9,/,)

so the Runge-Lenz vector is conserved.

Setting the positive directions of the x, y, z axes as in the figure, we have L = — Lz, and
the initial velocity of the « particle is vg = voz. Using (8”) to compute the initial and the
final Runge-Lenz vectors,

Binitial = mvoLy — mpBx (10
Bl = mugL (—sin & 4 cos 0 4) +mf3 (cos & + sin 0 4) (11

where
L =muob = V2mEb (12

Using the conservation of the Runge—Lenz vector,
muvgL = mwvgL cosd — mpsinf

SO
0 sin 0 vol  dmwegEb
cot—=—"—=—- =
2 1-—cosf B Ze2

(13///)

13
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that is,
be 2 ot
 dnegE 0 2

(14///)

Method 5. During the scattering the « particle experiences the Coulomb repulsion of the
nucleus, and its trajectory is a hyperbola. Let the semi-major axis be a and the distance
from the « particle to the nucleus be ¢. Then

2Ze?  Zé?
E - k - 6////
2a 4mega (6")
2Ze?  Ze?
where a = k 5 ; = 47;0 ok The scattering angle 6 satisfies
mw— 9 o b o Eb "
tan( 2 >_a_kZe2 @
Eb dmegEb
6 = 2 arccot <k262> = ) arccot< WZ€Z2 ) (8")
SO )
Ze 0
= t — o/
iregE 2 (0")

(3) From (12) one sees that there is a one-to-one correspondence between b and §. Consider
the a particles whose impact parameter lies between b and b+ db; after the scattering they
leave at angles between 6 and 6 + df. Therefore all the a particles that pass through the
annular area do of inner radius b and outer radius b 4+ db must be scattered into a hollow
cone whose angle lies between 6 and 6 + df, as shown in solution figure 3b.

Solution figure 3b

The annular area do is

D2 COS —
do = 21b|db| = WT 2.0 (13)
Sin3 5

where (12) has been used in the derivation. The solid-angle element of the hollow cone
whose angle lies between 0 and 6 + d6 is

2mrsin @ r dé
do = T2 onsingdd (14)
7
The probability that one « particle is scattered by one nucleus into unit solid angle in the
direction 6 is called the differential scattering cross-section; it is

do D? 1 27¢2 \? 1
o) = — = — = ( ) (15)
dQ ].6 Sil’l4 g 47T50E ].6 Sil’l4 g
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From (15) one sees that in a fixed scattering direction (when the scattering angle is 6 = 60°)
the differential scattering cross-section is inversely proportional to the square of the kinetic
energy E of the a particle, i.e. it decreases as E? increases.

(4) The measured a-particle scattering cross-section shows a kink at the a-particle energy
25MeV, i.e. the cross-section suddenly drops sharply. This shows that the a particle
approaches the region of the nucleus, that the strong nuclear force comes into play, and
that this makes the relation between the scattering cross-section and the a-particle kinetic
energy F change abruptly. (16)

Method 1. From (12) one also sees that, for a fixed angle 6, the larger E is the smaller
b is. When b becomes small enough the a particle enters the nucleus and the scattering
relation changes abruptly (the strong nuclear force comes into play). At the kink point the
« particle just grazes the surface of the nucleus, and the closest distance r is approximately
the radius of the nucleus. Let the closest distance of the o particle from the nucleus be
Tmin, at which point its speed is v’; conservation of angular momentum and of energy give

mugb = mu rmin (17)
I 27¢?
hl I - 18
QmUO 2mv + 4TEQT min 48,
e PR P P (19)
Tmin = 7 0| ~ 4neoE 0
sin 5 sin 5

From (19) and the data given in the problem (E = 25MeV, § = 60°, Z = 79),
Fmin & 1.365 x 1074 m = 13.65 fm (20)

Method 2. During the scattering the « particle experiences the Coulomb repulsion of the
nucleus, and its trajectory is a hyperbola. Let the semi-major axis be a and the distance
from the a particle to the nucleus be ¢. Then

27¢? Ze?
= — 1 /
C=ROE T TreoB (17)
== L g /
c—k:cos<ﬂ_9> 2a (18)
2
—0
(or b= atan(T2) = Ve, o= ViTF 2 = 20
Tmin = C+a (19/)
T'min = 3a = 13.65fm (20/)

(5) In the usual Rutherford a-particle scattering experiment, because of the blocking by
the a-particle source or by the detector, a measurement at the scattering angle 180° cannot
be made. Since the « particle carries positive charge, a static magnetic field can be added
on the flight path of the a particle in order to change its direction of motion. (If a student
writes: add an alternating electric field, that is also counted as correct.) (21)
The experimental scheme is shown in solution figure 3c: a beam of « particles emitted from
the a-particle source is deflected through 90° by a static magnetic field onto the target
particles; the particles scattered at 180°, after leaving, are deflected through 90° by the
static magnetic field and enter the a-particle detector, where they are measured. (22)
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Solution figure 3c

Labels: o FiFIR = a-particle source; ¥ = target; AW X = magnetic deflection region; o
RTFIRMNES = a-particle detector.

Marking scheme.

This problem carries 40 points.

Part (1) 8 points: (1)(4) 3 points each, (5) 2 points;

Part (2) 12 points: Method 1 (7)(8)(9)(10)(11)(12) 2 points each; Method 2
(6")(7")(8)(10")(117)(12") 2 points each; Method 3 (6”)(7") 3 points each, (8”)(10”)(12")
2 points each; Method 4 (77)(9”)(10”)(11")(12")(14"") 2 points each; Method 5
(6"")(7"") 4 points each, (8"")(9") 2 points each;

Part (3) 5 points: (13) 3 points, (15) 2 points;

Part (4) 10 points: Method 1 (16)(17)(18)(19)(20) 2 points each; Method 2
(16)(17")(18)(19')(20') 2 points each;

Part (5) 5 points: (21) 2 points, (22) 3 points.

®Translator’s note: As printed; the differential equation being solved is (9’).

Problem 4 (Lennard-Jones crystal and the Einstein model)

(1) Since these atoms are all identical it is enough to consider the atom at the origin. The
interaction potential energy of the atom at the origin with the other atoms is

- 12 7o 6
Vo = € =
b= 2 (Rlzlylz) (Rlzlylz) ]

Iz 7ly 7lz
12

"0
=c ) l2a2+l2a2+l2a2) —e ) (2a® + 2a® + 2a2)P

lm7ly,lz lz’alyalz

. 0 1 79\ 6 1
(@) 2 e () 2w

syl lasly,l
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After equilibrium is reached the potential energy is a minimum; therefore

dVvp 7"62 7“8
0=—=¢|—-12419—= + 64— 2
o 6[ 12713 + 67 (2)
so that
28
—121412@ + 6A6§ =0

from which the lattice constant a is found to be

24 1/6
()"

(2) The atom at the origin has altogether 6 nearest neighbours, whose equilibrium positions
are

(lxa lya ZZ) = (_17 07 0)7 (+17 07 0)7 (07 _17 0)7 (07 +1a 0)7 (07 07 _1)7 (07 07 +1)
By the definition of A, their contribution to the constant Ag is

Ag=1+1+141+1+1=6 (4)
Similarly there are 12 next-nearest-neighbour atoms, whose equilibrium positions are

(lxvlyalz) = (_17_]—70)7 (_17+170)7 (+17_]—70)7 (+17+17O)7
(-1,0,-1), (—=1,0,+1), (+1,0,-1), (+1,0,+1),
(0,-1,-1), (0,-1,+1), (0,+1,-1), (0,+1,+1)

Their contribution to the constant Ag is
" -3 3
Ay=12x27 =2 (5)

The atom at the origin has altogether 8 next-next-nearest-neighbour atoms, whose equi-
librium positions are

(ll‘7ly7l2) == (_17_17_1)7 (_17_17+1)7 (_17+17_1)7 (_17+17+1)7 (+17_17_1)7
(+1,-1,41), (+1,4+1,-1), (+1,4+1,+1)

Their contribution to the constant Ag is

8
Al =8x33=— 6
6 A 57 (6)

It can be seen that the other atoms, far from this atom, contribute little to the constant
Ag.

(3) Since all the atoms are identical, we need only consider the atom whose equilibrium
position is the origin. According to Einstein’s assumption the other atoms remain at
Ry,;,1.; therefore, when the atom at the origin is displaced from its equilibrium position
by w, its interaction potential energy with the other atoms is

12 6
To To
V- T 7
2 (mu!) (!Rzzzyzz—uo g

lz 7ly 7lz

17
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When u is small the above expression can be expanded in a series in the small quantity u.
Using the following formula,

IR—u| ™" = \R2—2R.u+u2]*%=R—” (1—2'+

LY (Y IXCHNT
2 R R

— R

72 2 R2 2
(8)
and keeping terms up to u? we obtain
Ry i, - u
> | B — =D R ol +n) R7f+2
loyly,ls lzlyls (9)
n u? n(n + 2) (Ri 1,0, - w)?
Y Z Rn+2 2 Z n-+4
Loyl Lalyls

Using the symmetry that (I,1,,(.) and (—=l;, —ly, —I.) occur in pairs,

s Ly Ly
Z (2+12+12)7/2 Z (2+12+12)7/2 Z (2+12+12)7/2 (10

Ll Lyl L.l
— = — = — =0 (11)
Z(zg+zg+zg) /2 Z(zg+zg+zg) /2 Z(l§+l§+lg) /7

Similarly, using the symmetry I, < [, <> [,

2
> ;2 -y Ly -y 2
(12 +12+12)7/2 (12 +12+12)7/2 (12 +12 4 12)/2
2+2+12 (12)
72 l2+l2+l2 n/2

1
== Z(li +R42)TT = 5An-2

Hence

Rl Iyl Ugly + uyl + u,l,
id = = 0 13
§ : RanIrZZZ an-i—l Z 12 4 12 + l2 (n+2)/2 ( )

Z (R 1,0, - u)? Z u2l? + ule + u2i2 + ety A= 20ty = Pl
?—}-éll an+2 (l2 + lz2/ + l§)<”+4)/2
xlylz
2l2 + u2l2 + u2l2
- an+2 Z 2+2+ 12 (n+4)/2

2
— 2 2 2\—nt2 u
- 3an+2 D EHE+IE)TE = 3gnizin+?
(14)
Using these results we obtain
- - n n+2 _
Z ‘Rlzlylz = u‘ "= Ana " — §An+2a (n+2),,2 4 (G)An+2a (n+2),,2
lcmlyvlz (15)
-1
= Apa™" + n(nﬁ )An+2a_(n+2)u2

18
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So the energy of the system when the atom at the origin is displaced from its equilibrium
position by w is

V =¢ Z (7"62 }Rlzlylz - u‘ilz - 7“8 ‘Rlzlylz - u|76>

lzvly7lz

12 x 11 6 x5
= erg? <A12a_12 + 2 A14a_14u2> —erd <A6a_6 + 2 Aga_8u2>

6 12 6
=£ |:A12 ( 0) — A(; <T£> :| + € (2214147“014 — 5A8T(8)> u2
a a a a

1
=Vy+ §Mw%u2

(16)

12 6
Here Vy = ¢ |:A12 ( ) — Ag (T—O) ] , from which the Einstein frequency is obtained as
a

2e ri2 r8
o — \/ 2 (221414@(;4 _ 5,4%3) (17)

(4) The energy E of an atom whose momentum has magnitude p and whose displacement
has magnitude u is

2

Ly 2 o
E(p,u) = VO‘FW‘*‘§MWEU (18)

The average energy of each atom is

+oo p+4o00
/ Ee ’“BT p?dpu?du

+oo +0o0
/ / e kBT p?dpu?du
2,2

+o0 - p2 —+o0 . MwEu
) / e 2MkBTp4dp ) / e 25T tdu
0 2J0

V + 2M p2 + §MWE —+o0 IWw]%:u2 (19)
/ e 2MEeT p2dp / e 2T y’du
0 0
+o0 5
/ e % pidx
_ 0
/ e % p2dx
0
Since )
de™* 2
= _9re®
o ze

integration by parts gives

e 22dr = —— zde ™ == e dr = vr (20)
2 2 4
0 0 0

oo 1 [ oo
/ e712x4d1; = —/ 3 defo = 3/ x2e7x2da: §£ M (21)

Substituting these two integrals into the expression for the average energy, the average

energy of each atom is -
E = Vy+ 3kgT (22)

19
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One mole of the crystal contains Ny (Avogadro’s number) atoms. Therefore, in the Einstein
model, the internal energy of one mole of the crystal is

U= NpE = N\Vy + 3NpakpT (23)
so that the molar heat capacity at constant volume is

oU
Cy = <8T>V = 3Nkp (24)

(5) The average value of the distance of deviation of an atom from its equilibrium position

+o0o p+4o00 _ B, +o0 7AIwEu 3 +o0
k T 2kgT
/ / we FBT pldpuidu - /0 e B du QkBT/

+oo ptoo +00 ]\4wEu Mw
/ / ¢ FT pdpuidu / e BT 2du dz
0

Using integration by parts and the change of variable z? = ¢,

400 1 +oo 1 Foo 1 too 1
/ e pdy = —/ 22de™® = —/ tde ! = / e~tdt = = (26)
A 2 Jo 2 Jo 2 Jo 2

we thus obtain

1
2kpT 9 2kpT

Muw f TMw?

S

(27)

When the temperature equals the melting pomt, T = Ty, the Lindemann criterion gives

uym = Cra
that is,
8k
=C
ﬂMw% S
Therefore 5 9
M C
Ty — mMa*wiCY (28)
8kp

Marking scheme.
This problem carries 50 points.
Part (1) 8 points: (1) 4 points, (2)(3) 2 points each;

Part (2) 6 points: (4)(5)(6) 2 points each;

Part (3) 17 points: (7) 4 points, (8) 3 points, (9) 2 points, (15) 2 points, (16) 4 points,
(17) 2 points;

Part (4) 11 points: (18) 2 points, (19) 5 points, (22)(23) 1 point each, (24) 2 points;

Part (5) 8 points: (25) 3 points, (27) 2 points, (28) 3 points.

Problem 5 (black-hole thermodynamics and Hawking radiation)

20
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(1) Taking the potential energy to be zero at infinity, the gravitational potential energy
between the celestial body and a test particle of mass m is

v(d) = -2 1)

where d is the distance from the test particle to the centre of the black hole. The radius

of the body is r; conservation of mechanical energy gives for the escape velocity v, the

equation

1 5 GMm
g T Ty

so the magnitude of the escape velocity is

=0 2)

2GM
r

(3)

Ve =

When the escape velocity is ve = ¢, the radius of the body satisfies

o @

r
c

To make the Sun a black hole, substituting the mass of the Sun M = 2 x 10** kg into (4),
the radius of the Sun must shrink at least to

_ 2x6.67 x 10711 x 2 x 1030
" 9 x 1016

~ 2964 m ~ 3km (5)

(2) From the statement of the problem the relation between the entropy of the black hole
and its mass is

kgc3 kpcd
— e —Bc4m“

S_4Gh ~ 4Gh - Gh

, 7wkpe® (2GM > ArkpGM?
= - ()

c2

so that when two spherical black holes each of mass M collapse into one black hole of mass
M', the change of the entropy of the system is

drkpG

AS =5, -5 = 7 [M'2—2M2] (7)
(3) Using the thermodynamic formula
1_ds
T dU
together with Einstein’s relation
U= Mc?

we obtain

T AU  2dM

so the temperature of the black hole is

1 dS 1 d (4rksGM?*\  8rkgGM ®)
ch  3h

Ah
T= —
rkpgGM (9)
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One sees that the temperature of the black hole is inversely proportional to its mass: the
smaller the mass, the higher the temperature. From the definition of heat capacity, the
heat capacity of the black hole is

oopdS _pdsdM _ 8rksGM —c*n M 8rkgGM?
AT T dM 4T ch  8rkgGT?2 T ch

(10)

One sees that the heat capacity of a black hole is always negative, which means that a
black hole is thermodynamically unstable.

(4) Method 1. During the working of the heat engine let the masses of the two black
holes be M; and Ms>. From the statement of the problem the engine cycle is a reversible
process, so after a number of complete cycles the entropy of the system does not change.
From (6), the constancy of the entropy gives

M7 + M3 = M3, + M, (11)

Since Msy > Mg, (9) shows that the black hole of small mass is the high-temperature
reservoir and the black hole of large mass is the low-temperature reservoir. During the
engine cycle the engine absorbs heat from the high-temperature reservoir (the small black
hole) and gives out heat to the low-temperature reservoir (the large black hole), so the
mass of the small black hole keeps decreasing until it finally disappears and the engine
cycle stops, i.e.

My =0 (12)

Substituting into the previous equation,

My = \/ M}, + M3, (13)

From energy conservation, the total work finally done by the engine on the outside is

W = (Mw + Mag — /M3, + M220> 2 (14)

Method 2. The black hole of small mass is the high-temperature reservoir and the black
hole of large mass is the low-temperature reservoir. The engine absorbs heat d@:; from
the high-temperature reservoir (the small black hole) and gives out heat dQ2 to the low-
temperature reservoir (the large black hole), so the mass of the small black hole keeps
decreasing and finally disappears. Carnot’s theorem gives

dQ2 Tp

= o 15
drv Th (15)
From Einstein’s mass—energy relation and the first law of thermodynamics,
dQy = —d(M;c?), dQa = d(Myc?) (16)
Furthermore the black-hole temperature is inversely proportional to its mass,
1
T c —
o 3
so from the two relations above,
dM: T M
& e (17)
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Therefore
MidMy + MsdMs =0 (18)

Integrating both sides of the above equation,
M2+ M2 = M%) + M2, (19)

So during the engine cycle the mass of the large black hole keeps increasing and satisfies

My = /M3, + Mg, — M? (20)

Finally the mass of the small black hole is used up and the engine cycle stops, i.e. the final
state is
M; =0 (21)

The efficiency of a reversible heat engine depends only on the temperatures of the high-
and the low-temperature reservoirs,

W D

T ' Th (22)

Ui

so the total work finally done by the engine on the outside is

T2 0 Ml
W:/(l—)d :—/ <1—>c2dM
T, Q1 " i, 1
v M
_ _/ R — (23)
Mo VMiy + M3, — Mj

= <M10 + Moo — \/ M7y + M220> ¢

(5) By the Stefan—Boltzmann law, the energy radiated outwards by the black hole per unit
time (i.e. the Hawking radiation power) is

2 3 4
P = oT*A = 47072T* = 470 <2GM> ( c'h >

02 87TkBGM
— 0 C8h4 _ 7T2ké 68h4 (24)
2563k G2 M2 60R3c2 256m3kE G2 M2
_ Sh
153607 G2 M2

(6) Because of Hawking radiation, the decrease of the black-hole energy equals the radiated

energy, i.e.
o dM Sh

—?—=P=———___ 25
“a 153607 G2 M?2 (25)
SO .
c*h
—M*dM = ———_dt¢ 26
153607 G2 (26)
Integrating both sides,
0 , tf C4h ( )
- M*“dM = / —dt 27
Mo 0 153607TG2
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so the time needed for the black hole to disappear through Hawking radiation is

5120m G2 M3
= an

Marking scheme.
This problem carries 40 points.
Part (1) 5 points: (1)(2)(3)(4)(5) 1 point each;

Part (2) 4 points: (6) 3 points, (7) 1 point;

Part (3) 8 points: (8) 3 points, (9) 1 point, (10) 4 points;

Part (4) 10 points: Method 1 (11) 3 points, (12)(13) 2 points each, (14) 3 points; Method
2 (15)(16)(17)(18)(19) (20)(21)(22) 1 point each, (23) 2 points;

Part (5) 5 points: (24) 5 points;

Part (6) 8 points: (25) 3 points, (26) 1 point, (27)(28) 2 points each.

Problem 6 (plasmon resonance of a metal nanosphere)

(1) A uniform dielectric sphere in a uniform external field is uniformly polarized. Let the
polarization be P; the surface density of the polarization charge on the dielectric sphere is
distributed as

') =P -n=Pcosf (1)

This is a cosine distribution of charge on a spherical surface, and the depolarizing field
produced inside the sphere by the polarization charge is uniform:

E = P (2)

360

The total electric field strength inside the sphere is
Ei, = Eo+ E' (3)
The polarization law of the dielectric is
P = (e — 1)eoEiy (4)

Solving (2), (3) and (4) simultaneously,

er— 1
P = 3eo & )
Er + 2 050 (5)
Substituting (5) and (2) into (3),
3
n = E 6
e +2 0 (©)

The electric dipole moment of the dielectric sphere is

4 r 1
p=P- §7rR3 = c 47I‘€0R3E0 (7)

er+2

(2)(i) The dynamical equation of an electron in the constant electric field E is

—eE — ymv = mv (8)
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In the steady state © = 0; substituting into (8), the drift velocity is

e
=——E 9
v ym ( )

The current density inside the conductor is

2
ne
j =n(—e)v=—F =ogF 10
j=n(—e)v po 00 (10)
so the conductivity of the conductor is
2
ne
=— 11
o0 ym (11)

(ii) The dynamical equation of an electron in the alternating electric field E(t) = Ey, coswt
is
—eFEy, coswt — ymv = mo (12)

which can be written in complex form as
—eEet — ym® = mo (13)
In the steady state, let the steady solution for the electron velocity be
D(t) = De! (14)

Then ¥ = iw®; substituting into (13),

—eEne“t — ymd = iwmd (15)
Solving,
D= —e/m iwt — _e/mE (16)
v+ iw v+ 1w
The current density is
~ 2 ~ ~
Fon(—p="L"E_sE (17)
vy + 1w
The complex conductivity is
5 ne?/m aowg _ Eowgv . aowgw (1)
Y+iw  y4iw 2 +w? 424 w?
. ne?
[Note: when w =0, & = — = 0 reduces to the static result.]
my

(iii) From the velocity © of the electron motion one obtains the position

=2 _ UM _p e oM g (19)
iw  w?—iyw w2 — iyw

[Or: the dynamical equation of an electron in the alternating field E(t) = Ep, coswt is
—eF,, coswt — yma = ma
which can be written in complex form as

—eEne“" — ymx = ma
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In the steady state, let the steady solution for the electron position be &(t) = &,e'“?; then
x = iw®, * = —w’E, and substituting,

2

—eEme! — iwym& = —mw?a
Solving,
T = 26//'/? Emeiwt — 26//)/? E
w? —iyw w? — iyw
| The polarization is
2
Pon(—e)i=—I" B e (20)
w? — iyw
The complex susceptibility is
. né*fmey w2 o w2 Y w2 o
A= W2 —iyw  w?—iyw w2492 1;w2+72 (21)

The complex relative permittivity is

2 2 2
w w voow
(W) =14+3v=1—-—P —[1- "2 i ————2> 22
[Note: the complex conductivity & and the complex relative permittivity & (w) satisfy
- o
E(w)=1+ ]

(3)(i) In complex form, the polarization of the metal sphere in the alternating electric field
can be treated in analogy with the polarization of the dielectric sphere in the electrostatic
field; from (6) the complex amplitude of the field inside the sphere is

iweg

~ 3
Ein =_——7—F 23
() 24 & (w) (23)
Substituting (22), the magnitude of the field amplitude is
Bn(w) = | Bu(w)| L ’ By (24)
L w . w — g
m m ‘2 + ér(w)‘ 0 5 2 B 2 0
w v wp
- P + -
< wg—i-’y?) (ww2+’}'2>
Near the resonance region take v =~ 0:
w2
Ew)=1- ;g (25)
The field amplitude is then
3
Ein(w) (26)

~——F
3 —wi/w? 0

2
When 3 — —12) — 0, Ej, is a maximum: resonance occurs, with resonance angular frequency
w

Wp | ne?
w \/§ 3eom ( )
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dEin (w)
dw

=0, i.e. from

d w2 2 (,L)Q 2
Llfg 2 ) L [T —0
dw w2 + 2 ww? +~2 ’

12wgw4 — 4wéw2 — 2w§72 B

w3(,),2 + w2)2

wg + \/wg(wg + 6v2) wp

6 T V3

[Note: from

one gets

and, solving,

Wr =

in agreement with the previous result.]

(ii) Taking into account v < wy,, when w = w, = ﬁ,
V3
Eo(wr) ~ —2 —13v3 L (28)
2
The complex field amplitude at resonance is
B (wr) S m~ip (29)
inlWr) = =70~ 1—F—
in\Wr sr(w)+2 0 \/gf)/ 0
The magnitude of the field amplitude is
Wp
E,.=—FEy> Ey (30)

" 3y

From (17) and (18), the complex amplitude of the current density inside the sphere is

2 2
0 Eow; gow . o
j:JEr:’y—i—iw r:m(’Y—lw)Er:]el% (31)
where )
Eow
j= e U E,, cos p; = S — (32)
/,-)/2 L w? 72 I w?
The average heat-power density is
_ : : L.
Dr = j(t)Er(t) = j cos(wt + ;) - Ey coswt = 5]Er COS (33)
w w
Substituting (32) together with w = w, = —= and E, = —= Ej, and taking into account
V3 V3y
7 <K Wp,
B 1 50wgfy ” aongg (34)
pr_272+w2 P 0y
The average heating power is
_ 4 2meqw2 B2 R3
P.=p, - -mR} = 70T (35)
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Marking scheme.
This problem carries 50 points.
Part (1) 10 points: (1)(3)(4)(5) 1 point each, (2)(6)(7) 2 points each;
Part (2) 20 points:
(i) 4 points: (8)(9)(10)(11) 1 point each;
ii) 8 points: (12) 2 points, (16) 4 points, (18) 2 points;
iii) 8 points: (19) 4 points, (20)(21) 1 point each, (22) 2 points;
(3) 20 points:
i) 6 points: (23) 2 points, (24)(26) 1 point each, (27) 2 points;

(i
(ii
Part
(
(ii) 14 points: (29)(30)(31)(32)(33)(34)(35) 2 points each.

Problem 7 (Dirac string, magnetic monopole and the A—B effect)

(1)(i) As in solution figure 7a, the condition given in the problem gives dm = —gdr’,
where ' = ze, (z € (0, —]).

The vector potential produced by the Dirac string at the point r in space can be regarded as
the superposition of the vector potentials produced at r by infinitely many small magnetic
moments dm joined tail (S pole) to head (N pole), as in solution figure 7a; thus

/dm "'_"'| Mog/d/ T_T (1)

r—r —7rsinf
dr’ x = dze (2)
Ir—'[> (12 + 22 — 2rz cos 0)*/? ’

where

Solution figure 7a

Substituting (2) into (1) and simplifying,

i
A= Mog smHe(p/ \/ : (3)
0 .2

z —rcos)? + r2sin 9]3

Using the indefinite integral formula given in the problem,

X

dz
/ /(22 + a?)3 V2 + a2

+ an arbitrary constant
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and integrating (3),

, 2'=0
- 0
A=1gnge, S
4m r2sin? 01/(2' — rcos 0)2 + r2sin® 0 o
- 0 -1 4
zLogTsiHQe(p 5 reos — — 53 (4)
0 r2sin? 04/ (r cos0)2 + r2sin?  72sin“0
tog 1 — cos
=———¢€
4rr  sinf
Equivalent forms are
_ Hog sind _ Mg, Q _ Mg ez xer
~ 47r 1+ cosf €p = 4y 2 e dnrl+e, - e,

Remark: the above expression for A is undefined at 6 = .

(ii)
1. Calculation of the circulation I';,. On the directed circular loop L in solution figure
7a take a line element

dl =dle, =rsinfdpe, (5)
Using (4) and (5),
A-dlzwl_icosexrsin@dcpzw(l—cosﬁ)dgo (6)
4dmr sind 4m
so the circulation of A is
2
FL—7{A dl = (1—0089)/ dgo—ugg(l—cosﬁ) (7)
0

2. Calculation of the flux ;..
Method 1. Divide the disc into annuli of radius p (p < rsinf); the area element is

dS =2npdpe,

By the Coulomb law for magnetic charge, the elementary flux of the field of the magnetic
charge g through the area element dS is

d
d<I>—27rpdp>< L0 9 ez:M PeP rsing (8)

|£|3 2 (p? + r2 cos? 0)>/?

where the vector € is the position vector of a point of the area element relative to the
T
position of the magnetic charge, so that €] = \/p? + 12 cos? §. When 6 # 57 the flux is

rsin
d
d; uogrcosﬁ/ pep

(p? + 12 cos? )%/

rsin 6

1
Hog 9

= —""rcos
Vp?+ricos?|

tog [ cos6
=—= —cosf
2 <|cos 0] o8 )
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Hence -
M(l —cosf)  when 6 < —
2 2
PL=Y g m (10)
—7(1—|—C089) when 6 > 3

Method 2. The solid angle subtended at the position of the magnetic charge by a surface
which is bounded by the directed loop L and crosses the positive z axis (it may be part of
a spherical surface) is

0
Q(0) = 27T/ sin@' df§’ = 27 (1 — cos6) (8
0

When 6 # g, by the “Gauss theorem” corresponding to the Coulomb law for magnetic

charge and by the spherical symmetry of the field excited by the magnetic charge, the flux
of the field of the magnetic charge g through the disc is

Qr
¢ = MOQE (9/)

where the solid angle subtended by the disc at the position of the magnetic charge is

Q(0) when 0 <
Qp =

(ST ST

Q(0) —4r  when 0 >

Substituting (8') into the above and then into (9') gives

%(1 —cosf)  when 6 < g

o = @ T (10')
—&(1 + cosf) when 6 > —
2 2
3. Comparison of I';, and ®;. Comparing (7) and (10),
™
When0<§, 'y =@,
s
when 6 > 5 'y, # o (11)
Computing the difference of the two when 6 > g,
'y — ®p = pog (12)

The difference in (12) corresponds to the magnetic flux contributed by the interior of the
solenoid that the disc is crossed by,

dm
by = po—— = 13
0= Ho~g = Hog (13)
where dl is a line element of the solenoid along its axis and dm is the elementary magnetic
moment on d! (along the e, direction).

Remarks:
1) Let the number of turns per unit length of the solenoid be n, its cross-sectional area be
S and its current be I; then

dm=Sdl =nlSdl
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and the magnetic field inside the solenoid is B = pgnl, so the magnetic flux inside the

solenoid is
dm

dl

2) The A computed in (4) is the magnetic vector potential of the semi-infinite solenoid
obtained from ordinary electromagnetic theory, so I';, corresponds to the magnetic flux,
through the plane enclosed by the ring, of the field of the semi-infinite solenoid; whereas the
field excited by the equivalent magnetic charge according to the Coulomb law for magnetic
charge applies only outside the solenoid, and the flux it contributes inside the (extremely

Dy = po—-

™
thin) solenoid is zero. Hence when 6 > 5

Iy =+ %
g dm
(2)(i) From (13) (or from g = E)’
D
g:?:nISZnSIOCOS(Ut (14)
0

(ii) Onme can see that the position of g is exactly the centre of the regular tetrahedron
whose base is the equilateral triangle.

Take the distance from g to a vertex of the triangle as radius and g as centre and construct a
sphere, i.e. the circumscribed sphere of the regular tetrahedron. The magnetic flux through
this spherical surface is the magnetic flux through the regular triangular pyramid. If the
flux along the positive z direction is taken as positive, then by symmetry the flux through

this triangular face is

1 1
qﬁ’g =~ Hog = —ZuonSIO coswt (15)

Because the Dirac string passes through the triangular plane, the flux through the trian-
gular plane contains not only the flux qﬁfq of the magnetic charge g but also the flux ¢/ of
the solenoid part, i.e.

1 3
¢ = oL + ¢, = pog — 1Hog = ZM(J"SIO cos wt (16)
The induced electromotive force is
d¢’ 3
€= dqz = Z,uonSIgw sin wt (17)

The induced current is
e ponSlw

3(1R0 4CLRO

Using (17) and (18), the average heat power over one period is

1 1
Wg = / Iedt = / HonSTow sin wt §uon510w sinwt | dt
T Jo 4pa 4

_ 3uzn2S213w? / P — 3udn2S213W? T B 3udn2S213w?
0

16aRyT 16aR,T 2  32aR

sinwt (18)

(19)

[Translator’s note: In the first line of (19) the source prints the denominator “4pa”; from (18) it
should be 4aRy, as the subsequent lines correctly use./
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(38) The wave vector of an electron of momentum p in the vector-potential field A is

1 e
k=—-(p—eA)=ky—-A
B(P eA) U

The phase difference of the two electron wave functions arriving at a point on the screen
along the paths C7 and Cj is

A¢1:/ k-dl—/ k-dl:</ kg-dl—/ ko-dl>—6< A-dl+ A-dl>
Cy Co C1 Ca h Cy —Cy

:A¢0—67§A-dl
h Jo

(20)
where C' is the loop enclosed by C7 and —C5.
The change of the phase difference caused by A after the solenoid carries current is
e e e
A¢:A¢1—Aq§0:—j{ A-dl=—==——pgnlS (21)
h Jo h h

When no current flows, the two beams of electron waves formed by the double slit satisfy at
the positions of the bright fringes on the screen the condition of constructive interference

Ado = kodsind = 2lr 1 =0,41,42,... (22)

Let the distance between the position of the I-th order bright fringe on the screen and the
central axis of the double slit be z; then

2l D
2= Dtanf ~ Dsinf = = (23)
kod
When the current I flows, the condition of constructive interference becomes
Ay = kodsin 6 — %q» = 2r (24)
The position of the [-th order bright fringe becomes
2l D eD
/
- g 2
T = ed | hked (25)
The distance through which the (central) bright fringe moves is
D eD
Ar=a —ao=—-28=""ponl 2
r=1z —zx Thod pd,uonS (26)

Marking scheme.
This problem carries 50 points.
Part (1) 24 points:
(i) 8 points: (1) 1 point, (2) 3 points, (4) 4 points;
(ii) 16 points: (5) 1 point, (6)(7)(8)(9)(10) 2 points each ((8)(9")(10") 2 points each),
(11) 2 points, (13) 3 points;
Part (2) 14 points:
(i) 2 points: (14) 2 points;
(ii) 12 points: (15) 4 points, (16)(17)(18)(19) 2 points each;
Part (3) 12 points: (20)(21) 4 points in total, (22)—(25) 4 points in total, (26) 4 points.
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