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Translated from the official booklet “Reference solutions and marking scheme of the theoretical ex-
amination of the /1st National Physics Competition for Secondary School Students (final round)”
(36 41 | EP AR RIS STE9 ). Siz problems, 320 marks in total.
Equation numbers (1), (2), ... within each problem follow the circled numbers of the Chinese orig-
inal; primed variants (16"), (20'), ... belong to the alternative methods, which the original marks
with [AfR] / Ukik—) , A=) and which are rendered here as “Alternative solution”
and “Method 17, “Method 27, .. Passages that the original encloses in the brackets [] are set
here as bracketed remarks. Statements marked (x), (xx), (x x %) in the original carry marks of
their own and are referred to by those symbols in the marking schemes, which are translated in
full at the end of each problem.

Notation. Chinese subscripts of the original are rendered in English: £ (left) and %5 (right) as
Niept, Nyight; UK (whole vehicle) as My TR (fast azis) and 12 (slow axis) as Gfasts Pslows and the
superscript T (interference term) as I'™. The source PDF has lost many round brackets in its
converted formulas; these have been restored silently where the intended grouping is unambiguous.
Genuine misprints are transcribed as printed with a translator’s note giving the correct form.
The figures of the solutions are cropped from the original; note that the two figures belonging to
Problem 4 are labelled “Fig. Sla” and “Fig. S1b” in the source (AfRE 1a, #fEE 1b) although
they belong to the fourth problem.

Problem 1 (3~ decay of ?'°Bi: decay energy, electron spectrum and the neutrino)

(1) By the statement of the problem, the B~ decay of the parent nucleus 4P into the
daughter nucleus Zle can be written as

4P AD+e 4o

Denote the rest mass of the parent nucleus by mp, that of the daughter nucleus by mp
and that of the electron by me, and assume the parent nucleus is at rest before the decay.
By energy conservation, the decay energy of this process (which includes the energy of all
particles produced besides Zle and the electron e~) can be expressed through the rest
masses of the parent nucleus, the daughter nucleus and the electron as

Qp- = [mp — (mp + me)]c2 (1)

By the statement of the problem the rest masses of the atom corresponding to the parent
nucleus and of the atom corresponding to the daughter nucleus are Mp and Mp respectively,

SO
mp = Mp — Zme, (2)

mp = Mp — (Z + 1)me (3)
Hence the decay energy Qg of the 8~ decay can be written as

Qp- = (Mp — Mp)c? (4)
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The condition for this 5~ decay to occur is

Qp- >0, (5)
so, by (1)(2)(3), the condition (5) for 5~ decay can be stated as
Mp(Z,A) > Mp(Z +1, A) (6)
That is: for two isobars with atomic numbers Z and Z + 1, 8~ decay can occur only if the
atomic mass of the former is larger than the atomic mass of the latter.

(2) If no new particle is produced in this decay process, then at the level of the nucleus
the process is
P—-D+e

The total energy of P is EFp = mpc?; let the total energy of D be Ep and its momentum
Pp, and let the total energy of the electron be E. and its momentum p,. Then energy
conservation and momentum conservation read

mpc® = Ep + E, (7)
0=pp + P (8)
From (8),
[Pp| = [Pl =p 9)
Using (9), equation (7) becomes
i + Ko = (mp — mp — me)c? (10)
2mp
where
P = Ep — mpc? (11)
omp D D
Ko = Ey — mec? (12)

From the relativistic energy—momentum relation,
E. = /(pc)? + m2ct (13)
Substituting (13) into (12) gives
P = KoK+ 2mec?) (14)
Eliminating p between (10) and (14), K, satisfies the equation
Ke2 +2(mp + me)c2Ke — 2mp(mp — mp — me)cZ’L =0 (15)

The solution of (15) is

K, = [_(mD + me) + \/(mD + me)? + 2mp(mp — mp — Mme) }02

- [\/mD(2mp —mp)+m2 — (mp + me)}c2

_ [\/(MD — Zpme) [2(Mp — Zpme) — (Mp — Zpme)] +m2 (16)

= [(MD = ZDme) + me]:|62

= [\/MD(QMP — Mp) +2 [MD = ZDMP] Me + Z%,mg — Mp + Zpm, 2

English translation
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The negative root has been discarded, and use has been made of the approximate relations
valid when the binding energy of the electrons in the atom is neglected,

Mp =mp + mee (17)
MD = mp =F ZDme (18)

together with
Zp=Jp—1 (19)

Substituting the data given in the problem into (16),

K. = {[209.982883 x (2 x 209.984130 — 209.982883)
+ 2 x (209.982883 — 84 x 209.984130)

« 0.511 ( " 0.511 )2]1/2 (20)
931.494 931.494
1
— 209.982883 + 83 x 931, 494} % 931.494 MeV =~ 1.161 MeV

[Alternative solution:
Neglecting the binding energy of the electrons in the atom, the mass of the 2l9Bi nucleus
is

mp = Mp — 83m,. = 209.984130 — 83 x 0.000549 = 209.938563 amu (16")

The mass of the nucleus %2i{Po produced by its 3~ decay is

mp = Mp — 84m,. = 209.982883 — 84 x 0.000549 = 209.936767 amu (17"
The positive root of (15) is
= (\/ (mp + me)? + 2mp(mp — mp — me) — mp — me)c2
- <\/mD 2mp —mp) +m2 —mp — me)02 (18)
(\/m (mp —mp)? +mg—mD—me>02
Here ) )
(mp —QWD) ~ 10710, mj; ~ 10~ 11
mp iy
o (18") becomes
K. = (mp — mp — my)c? (19)

The physical meaning of this expression is very clear: the 2§2P0 nucleus is so much heavier
2

than the electron that its recoil kinetic energy 2p
mq

is negligible compared with the kinetic

energy K, of the electron. Inserting the numbers,

K, = (209.938563 — 209.936767 — 0.000549) amu - ¢*

. (20"
= 0.001247 amu - ¢* = 1.161 MeV
In fact, going back to the atomic masses (rather than the nuclear masses), this is exactly

Ko = [M(%$Bi) — M(210Po)] = (209.984130 — 209.982883) amu - ¢*
= 0.001247 amu - ¢2 = 1.161 MeV
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]

(38) The kinetic energy of the electron after the decay obtained under the assumption
P — D + e~ is comparable with the maximum value of the electron kinetic energy seen
in experiment. Therefore the rest mass of the third particle (the neutrino) should be very
close to 0 (at most about 0.03 MeV /c?; any value close to this is accepted), (x) otherwise the
maximum kinetic energy in the measured kinetic-energy spectrum of the electrons would
have to be clearly smaller than the maximum value shown in the figure. (%)

(4) By the statement of the problem, the elementary process of the 5~ decay is
n—p+e +X (21)
The charges of the neutron, the proton and the electron are
Qn=0, Qp=+1, Q- =-1 (22)
Charge conservation before and after the decay gives the charge of X as
Qx =Qn— (Qp +Qc-) =0 (23)

By the statement of the problem, the angular momentum of the system before the decay
is the spin of the neutron:

1
b= Sn=3h (24)

Suppose that the only particles after the decay were the proton p and the electron e™. The
spins of the proton and of the electron are both

By the composition rule for two angular momenta given in the problem, the total spin of
the proton and the electron, i.e. the total angular momentum of the decay products,

Li=8=5,+85.- (25)
can take all the possible values
lf=58p— Se, Sp+ Se (26)

The first possible value in (26) corresponds to the spins of the proton and the electron
adding in opposite directions, and the total spin is

f=5=0 (27)

The second possible value in (26) corresponds to the spins of the proton and the electron
adding in the same direction, and the total spin is

lf=S=1h (28)

Neither of the two possible values (27) and (28) equals the initial value (24), which contra-
dicts angular-momentum conservation. In order that the total angular momentum of the

1
system be conserved, a particle X must exist, and its spin must be 5/"1:

1



CPhO 41st (2024) — Final — Theoretical Examination (Solutions) English translation

gh (not yet excluded) (30)

In summary: if, besides the proton and the electron, one further particle is produced in the
1 3

B~ decay, that particle must be electrically neutral and have spin 57’1 (spin 57’1 is not yet

excluded); that is, an electrically neutral fermion must exist [namely the particle usually

1
called the neutrino (if Sx = 55); more precisely, it is the electron antineutrino ).

Marking scheme.

This problem carries 50 points.

Part (1) 13 points: (1) 3 points, (2)(3) 1 point each, (4) 2 points, (5)(6) 3 points each;
Part (2) 19 points: (7)(8) 3 points each, (9) 1 point, (10) 2 points, (11)(12)(13)(14) 1 point
each; (15) 2 points, (16) 2 points, (20) 2 points;

Part (3) 5 points: (*) 3 points, (*x*) 2 points;

Part (4) 13 points: (22)(23)(25) 2 points each, (26) 2 points, (27)(28) 1 point each, (29) 2
points, (30) 1 point.

Problem 2 (one-dimensional diatomic chain on a ring: eigenfrequencies, energy and
boundary conditions)

(1) For convenience put zop = zon and xan+1 = 1. The equations of motion of the system
are then easily written down:

0 = M.’}fgi_l + k(2:c2i_1 — X9; — wgi_g), (7, = 17 000 ,N) (1)
0 = mi2i+k(2x2i — T2i+1 —:Egi_l), (’l = 1,...,N) (2)

(2) By the statement of the problem, when the spring ring performs small vibrations in
an eigenmode all the beads vibrate with the same angular frequency; call it w. The small
vibrations of all the beads on the ring are steady, and the only differences between them
should be in amplitude and in phase. By symmetry the amplitudes of the vibrations of the
large beads must all be equal; call it A. For the same reason the amplitudes of the small
beads must all be equal; call it B. Likewise, by symmetry the phase difference between
the vibrations of adjacent beads must be the same; call it a. The solution can therefore
be taken in the form

Zoi—1 = Acos[wt + o + 2(i — 1)a, i=1,2,--- N (3)

x2; = B cos[wt + o + (25 — 1)a, i=1,2---,N (4)

where ¢ is an arbitrary constant. From (3),
x1 = Acoswt. (5)

Since the solution must satisfy the condition
Ty = ToN (6)

we must have
2Na = 2nm, nez (7)
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where Z denotes the set of integers. Since the values of a are periodic with period 27, an
independent range of values can be taken as

—T<a<sT (8)
Correspondingly there are 2N choices of n:
n=—-N+1,-N+2,.-- , N-1, N (9)
Substituting the solution (3)(4) into the equation of motion (1) gives

2k — Mw® A
COS&ZTW-E (10)

Substituting the solution (3)(4) into the equation of motion (2) gives

2k — mw® B
cosa = ]{:2% " (11)
From (10) and (11),
mMw* — 2k(m 4+ M)w? + 4k*sin? o = 0 (12)
Solving (12), the eigenfrequency w is
w:\/k{(m+M):I:\/(m—M)2+4mMCOSQa (13)
mM

Substituting (7) into (13),

k nmw
— 2 2 = =
w—\/m [(m+M):I:\/(m M)? 4+ 4mM cos N]’ n=0,12---,N—1 (14)

Note that a pair of values of n opposite in sign gives the same frequency. Equation (14)
gives all the possible eigenfrequencies. (In a student’s answer it is accepted either to exclude
or to keep the solution n = 0.)

(3)

(3.1) The trial solution above already gives a set of solutions satisfying the requirements.

Dividing equation (10) by equation (11) side by side gives a quadratic algebraic equation
A

AN 2k —mw?
4 LT men (15)
B 2k — Mw?

It has two roots. Since A and B are both amplitudes, the negative root is discarded, and
A 2k — 2
4 2T men (16)
B 2k — Mw?

(3.2) Clearly the spring ring under consideration is a conservative system. Its total energy

F does not change with time, and it equals the average energy over one period of oscillation,
E = (E), which is easy to find. First, the average kinetic energy is

N o1 T N g T
(B =3 5M 7 [ i@+ gmy [ ataho (17)
i=1 =1

for —
or =,
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Substituting (3)(4) into (17),

N1 1 (T 1 1 (T
(Ex) =) QMWQAQT/ dt sin’wt+(2i—1)a]+ ) 2mw?BQT/ dt sin®*[wt+2(i—1)a]
A=l 0 i=1 0

(18)
Using
1/Tdt in%(wt + ) L (19)
= sin”(w = —
T Il vI=3
where ¢ may be any phase, and substituting (19) into (18),
1
(By) = ZNUJQ(MAQ + mB?) (20)

The average potential energy (E,) of this system equals its average kinetic energy (Ex),
(Ep) = (Ex) (21)
Therefore the total energy Fiot is
Eiot = <Ep> + (Ex) = 2(Ex) (22)
From (15)(20)(22),

(m + M)k — mMuw?

1
Eyot = =Nw?(MA* + mB?) = Nw?A? 23
tot = 5 w*( + mB~) W — 12 & (23)
From (22)(23),
M)k — mMw?
(B = (M Mk = mMW” G b g2 (24)
2(2k — mw?)

(4) This situation amounts to introducing the boundary condition

I = 0 (25)

To find a solution satisfying the boundary condition (25), note that the solutions (3)(4) of
the equations (1)(2) are in fact the piecewise representation of a travelling wave running
around the ring,

x9i—1 = Acoswt + g + knloi—1] 1=1,2,--- N (26)
x9; = B cos[wt + oo + knly] 1=1,2,---,N (27)

where kj, is the wave number and « is fixed by (7),

nm

a= (28)

and
kploi—1 =1[(2i — 1) — 1] (29)
k‘nlgi = (22 - ].)Oé (30)

Take a pair of values of n opposite in sign (hence n # 0) and superpose the two travelling
waves running in opposite directions:

Toi—1 = A{cos[wt + o — knl%—l] — cos[wt + o + knl%—l]} (31)
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z9; = B{cos[wt + g — knlai] — coslwt + @o + knlai] } (32)
This obviously satisfies the boundary condition (25). From (28)(29)(30)(31)(32),

x2i—1 = 2Asin[2(i — 1)a] sin(wt + ¢o) (33)

x9; = 2B sin[(2i — 1)a] sin(wt + ¢o) (34)

[2k — Mw? .
To; — 2A m SlIl[(QZ — 1)0[] sm(wt + 800) (35)

Substituting the solutions (33)(34) into the equations of motion (1)(2), the result obtained
for the eigenfrequencies is as given by (14), except that now n # 0 (that is, & # 0). (%)

From (16)(34),

(5) In an eigenmode that does not depend on pu, bead number 1 must not vibrate, and
this is equivalent to the situation of part (4). (x) Therefore the answer is the same as that
of part (4). (%)

Marking scheme.

This problem carries 50 points.

Part (1) 4 points: (1)(2) 2 points each;

Part (2) 15 points: (3)(4) 2 points each, (6)(7) 1 point each; (10)(11)(12)(13) 2 points
each, (14) 1 point;

Part (3) 12 points: (15) 1 point, (16) 2 points, (17) 1 point, (18)(19)(20)(21)(22) 1 point
each, (23) 2 points, (24) 1 point;

Part (4) 17 points: (25)(26)(27) 1 point each, (29) 2 points, (30) 1 point, (31)(32) 2 points
each, (x) 2 points, (33)(34) 2 points each, (35) 1 point;

Part (5) 2 points: (%) 1 point, (%) 1 point.

Problem 3 (matrix optics and the quadrant interferometer)

(1)

(1.1) A sketch of the complete optical path of the interferometer is shown in Fig. S3a.
When the light travelling downwards after beam splitter 2 interferes destructively, the
intensity at detector A is 0; there is also the light travelling upwards after beam splitter 2,
which interferes constructively, and by energy conservation the intensity of this beam must
be a maximum, i.e. detector B receives the maximum intensity. (x)
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W O

L RE FEE A

S 1 — Tﬁ.ﬁi&

AFRE 3a

Labels: N1 = incident light; %85 = total reflector; 779 es 1, 2 = beam splitters 1, 2; 1R IMES
A, B = detectors A, B; BifEKE 3a = Fig. S3a.

(1.2) When the energy at detector A is at its minimum, the energy is concentrated in the
optical path leading to detector B.

Method 1. Follow the phase changes of the various fields along the optical paths (the
amplitudes are all the same, so only the phases need be considered). Let El, E5 denote
the fields that travel along the upper and the lower path and enter detector A downwards
after the second beam splitter. Then

By = expli(6; + m + 6 + kliop)] 1)

EQ = exp[i(&g + (5m + 5r + klbottom)] (2)

(only the phases are written; the amplitudes are equal) Here §, and d; are the phase
increments produced by reflection and by transmission at a beam splitter, and dy, is the
phase increment produced by reflection at a total reflector. Let Ei, Eé denote the fields
that travel along the upper and the lower path and enter detector B upwards after the
second beam splitter. Likewise,

E} = expi(6; 4 0m + 6 + Eliop) (3)

Eé = expi((st + 5m + 51‘, + klbottom) (4)

When the fields entering detector A cancel each other, the phase difference of Ey and F
is

kltop - klbottom =kAl=m (5)
(Al = ltop - lbottom)

At the same time EY and E} reinforce each other, so the phase difference of £ and E!,

must be 0: (6)
2(6r — ) +EAI=0 (7)
From this,
T
5r_5t:_¢:_§ (8)
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(1 point) (using the formula given in the problem, ¢ = §; — d,)

t
2 —e
T

3

INIE]

= 9)

[Method 2. Or, more briefly: the superposition of the two fields entering the lower

detector A is

ik Al

rt + rte (omitting Ey)

The superposition of the two fields entering the upper detector B is
T2+t2eikAl :R+Tei2¢€ikAl (R:7"2; T:t2)

If the light cancels at detector A,

kAl =7,
then at the upper detector B '
‘R — Telw‘ =1l
and since
R+T =1,

it follows that

6= T

)

]

The above calculation applies to each of the P and S components.

(2) For incident S polarization the reflected and the transmitted light are also S only; that
is, the P and S components do not mix. Hence the diagonal matrix

5o 7:13 0 . T‘Pei(SP 0
h= <0 f5> B < 0 rse“s> (10)

is the reflection matrix of the beam splitter. Using (9),

- (itp 0\ _ [irpe®r 0
T‘(o z’f5>_< 0 z‘rse“s) (11)

is the transmission matrix of the beam splitter.

(3) The matrix M by which a total reflector changes the polarization state. The
incident field must satisfy the electromagnetic boundary conditions at the surface of the
total reflector: the field (i.e. the electric field) is continuous along the tangential direction
of the mirror surface, i.e. the sum of the tangential components of the incident field and
of the reflected field at the mirror surface must be 0. Hence, if the P and S components
of the incident light at the mirror lie along the positive P and S directions of the incident
light of Fig. 3b(b), then after reflection the components of the light along the prescribed
positive P and S directions of the reflected light are +1 and —1, that is

i-(5 1) (12

(4) The matrix Q of the quarter-wave plate. Its fast axis is along the —45° direction;
set up a fast—slow axis coordinate system as in Fig. S3b.

10
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SJ\

S|
tr
AFRE 3b

Labels: T = fast (azis); 18 = slow (axis); Hf#E 3b = Fig. S3b.

By definition, the vector representation of the polarization state obtained after the P
component passes through the quarter-wave plate is the first column of Q; taking the S
component through the quarter-wave plate gives the polarization-state vector that is its
second column.

Assume the unknown 2 x 2 matrix

a=(2 Y (13)
P- (5) (14)
(900

Below, 1,2 denote the basis vectors along the P and S directions, and 1/, 2 the basis vectors
along the fast and slow axes; in the 1, 2 basis,

21 2 ()

- (1)- V2 [ﬂ (1) va <1>] _ V2, V2 (17

acts on the basis vector

so that

[SYERSN

0 2 |2 \~ 2 1 2 2
=) -2 )20 P o

The polarization form of P polarization (basis vector 1, horizontal polarization) after this
quarter-wave plate (expressed in the original P—S basis) is

2 . “ 2 . ~ 1 . n ~ 1 . ~ A
§61¢fast 1/ + {ez¢slow2/ — §ez¢fast (1 _ 2) + §e'5¢slow(1 + 2)

= %eidjfast (i _ 2) + %ei¢fast ei(¢slow_¢fast)(i + Q)

— 1 i‘z)fast N 1 id)fast y 5 _ 1 i‘z)fast 1 + ¢ _ 1 ’i‘z)fast €Z7T/4 (
= gLl getten(i—1)2 =gt {1 ) = 3¢ V2  iansa
= @ei(z’fastei% <1>

2 i

11
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Similarly, for S polarization (basis vector 2, vertical polarization) after the quarter-wave
plate,

2, A 2, A 1, PRI 1, PO
— {el¢fa5t 1/ + {61¢slow2/ — 7§el¢fast(1 o 2) + §ez¢slow(1 + 2)

1 . P 1 . 4 PO
— _§ez¢fast (1 _ 2) + §e7f¢fast ez(¢slow7¢fast)(1 _|_ 2)
iy , . 1. , .1, 1 1 . i3m /4 (20)
= 56"%“ (t—1)1+ iew’fast (i+1)2= 5el<75fast (l > - §el¢fasc\/§ (imm
— @ei(ﬁfastei% (Z>
2 1
Hence the matrix of the wave plate is
. 2 . (1 3
Q= \gewfasteu (l i) (21)

In the standard form required by the problem,

a = ?ei((bfast'i'z;)’ b — i, c = 2" d =1

The overall common phase factor in front is unimportant, so the following forms are all
accepted as correct (that is, all three ways of writing it score):

Al e B0 @

2 \i

(5) For the linear polarizer whose transmission direction is horizontal, use the method of
part (4), acting on the basis vectors.
Acting with Ly on P polarization (basis vector 1, horizontal polarization) — i.e. P polar-

1
ization passing through a horizontal polarizer — one still gets P polarization <O>; acting

on S polarization (basis vector 2, vertical polarization) the result is 0, i.e. <8) Therefore

Ty = (; 8) (23)

Similarly, for the linear polarizer transmitting the vertical direction,

Ly = (8 ‘1)) (24)

For the linear polarizer transmitting the +45° direction, P light (horizontal polarization,

2
amplitude 1) passing through it becomes +45° linear polarization of amplitude \Qf; the

matrix expression of the normalized +45° linear-polarization basis vector (in the P—S basis)

U taso = V2 <1> (25)

2 \1

is

Hence

N V2 1/1
Ligso P = — ° = —
145 5 U, 5 <1>

12
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and this is the first column of the matrix. Similarly, for S polarization passing through the

45° linear polarizer,
N V2 1/1
Li458 = 5 Utsse =35

2 \1
and this is the second column of the matrix. Therefore
- 1/1 1
Lyg50 = 3 <1 1> (26)

(6) First write down the fields that reach detector A along path 1 and along path 2. Matrix
form is used here. The light after the initial polarizer is called the incident field; in vector
form it is (that is, vertical polarization of amplitude FEy)

()=

The field arriving at detector A through path 1:

= (0 0\ (rpe* 0\ V2 g qm (1 i
ElA_(o 1>< 0 rseid’s) 7 BACEN

1 0 rpet®p 0 0
x <0 —1) < 0 rsei¢5> <1> Eo

Reading the above expression from right to left, the factors are the incident light, the
reflection, the first beam splitter, the mirror, the quarter-wave plate, the second beam
splitter and finally the vertical polarizer. Here and below rp, rg, tp, tg denote the absolute
values of the reflection and transmission coefficients. Carrying out the calculation (the
lines below show in turn the field after each element; in practice the calculation is quicker
if one uses the fact that some of the matrices commute):

60 R
2[(3 %) (”” )]()WP
= L it )(0 i )( i) (TPe (o) _Tsoews) G) B (28)
:_\fei(%w )rgei®s <0 et >< >(>E0

2 , ™
— _{T§61(2¢S+¢fast+4) <(]?> EO

(27)

For the field reaching detector A along path 2:

Ao _[(0 O\ (iree®™ 0 \]L/1 1\ [(1 0\ (firee 0 0\ 4
2= 1o 1 0 irge®s /)| 2\1 1 0 —1 0  irge's 1)7°

(29)
Reading from right to left, the above expression represents the incident light passing in turn
through the transmission at the beam splitter, the 3 mirrors, the 45° linear polarizer, the
transmission at the second beam splitter and the vertical polarizer in front of detector A.
Calculating as before,

1o a5 (0 0) (1 1\ (0 . 15 05 (0
EQA—21"Se <O 1) (1 1> <1> EO—QTSB 1 Ey (30)

13
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Taking into account the different optical paths travelled, the complete expressions of the
fields arriving at detector A are

- 2 ] B ‘
ElA(t) = _{r§61(2¢s+¢fast+4) ((1)) Eoez[k(ll+lA)7“’t} (31)

~ 1 . 0 (o1 ) —

Boa(t) = 5riei®) (1> Eyelkatia) - (32)
® where [5 is the optical path from beam splitter 2 to detector A. The intensity of the
interference term is

V2 3
TrgEg cos [k‘(lg — 1)+ 1 Prast (33)

. 1 . _
IXlt =2 iRe[ElA(t) . EQA(t)] =
V2 :
(A prefactor — in front of (33) is also accepted; and so on for the rest.)
From the numerical value given in the problem

V2

"=

one obtains

int __ \/Q

3
Iy = 16 gcos [k:(lg —h)+-7m— ¢fasti| (34)

4

[Alternative solution:
If in this part of the calculation the quarter-wave plate is used without the common phase,

i.e. if one takes
O = V2 (1 i
2 \i 1
then in the calculation above there is no term (qﬁfast + Z) in (28), and the final equation
(34) becomes

V2

TR = EE& cos[k(ly — ly) + 7] (33)

This expression is equivalent to (34); on the surface there is a phase difference, but it is
only a shift of the optical-path difference, which amounts to choosing a different origin for
the optical path. Hence (34) and (33’) are both accepted as correct.]

The field arriving at detector B along path 1:

= (1 0\ [irpe®® 0 \ V2 j4amy| (1 0
ElB—[(O 0>( 0 irsei‘SS’) 2 ¢ AU

' (35)
1 0 rpe'P 0 0
<[ L) )] () 7
Calculating (with the optical path included),
- V2 = (1 0\ (1 i 5 (0 : _
mmwzﬂmeQJ%wu(Oo>Q Jmﬁkg>%awwwwﬂ
— _irsrpﬁeiwsﬂ-(h-‘r(ﬁmsﬁ-%) <8) Eoei[k(h-i-lB)—wt} (36)
2

_ \frsrpei(¢s+¢P+¢fasc+Z) <(1)) Fyellh(tH)—wt]

14
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where [g is the optical path from beam splitter 2 to detector B. The field arriving at B
along path 2:

= /10 rpeop 0 1/1 1
Eop(t) = [(0 0) ( 0 rsei6s):| ) (1 1)
S sa b
1 0 irpe’P 0 0 ilk(la+15)—wt]
8 [(0 —1> ( 0 z’rsei5s>] (1) Eoe

1 , 1 0\ /1 1\ /0 :
= —=f i(¢s+op) i[k(la+lp)—wt]
9 TPTse <0 0> (1 1) <1> Eoe

_ % rprgei(@s o) <(1)> Eyeilka+is)—w]

(37)

The interference term of the intensity detected at B:

. 1 -, - V2 3
ot =2. §Re [Efg(t) - Eap(t)] = Tr%rl%Eg cos [k:(lz —l) - o ¢fast:| (39)

V2

3
= YZBf cos [k(lz — 1) — 17 — frast (40)

[Alternative solution:
As in the discussion of (34'), if the quarter-wave plate matrix used does not include (qbfast +

2), then
| - 2 1
I§* = 2Re(Ejp - Ea) = \grsTPtstPEg cos [’f(b =)= 5”}

= \1/6§E§ cos |:k3(l2 —-hL) - %W} (40")

(40) and (40') are equivalent.]

In summary: (34) and (40) are one correct set of results for the interference
terms at detectors A and Bj; (33') and (40’) are an equivalent set.
The intensity at detector A, equation (34),

V2

. 3
et = KEE) cos [k:(lg — )+ a5 = Ptast

b Denoting the adjustable phase difference in it by A¢, we have

i = ?Eg cos(Ag) (41)

and correspondingly the intensity at B, equation (40),

7Y = ng COS(Aqﬁ + g) = —?Eg sin(Ag) (42)

Writing the intensities using (34)(40), or using (33")(40’), gives the same results.

15
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T
_IB ‘P
Ap -
Fib
IA
W fRE 3c

Labels: T = interference (term), written I'™ here; BRI 3¢ = Fig. S3c.

(7) Since detector A gives cos(A¢) and B gives sin(A¢), the phase difference can be
determined uniquely. (x)
In an actual experiment one may:

a) record I, —I* and plot Fig. S3c (or feed them into the X and Y inputs of an

oscilloscope to obtain a Lissajous figure); (%)
or

b) obtain tan A¢ from the ratio of Ilift and I, and then obtain the sign of the angle from
the sign of Ip. (x % %)

Marking scheme.

This problem carries 50 points.

Part (1) 6 points: () and Fig. S3a 1 point each, (1) or (2) 1 point, (3) or (4) 1 point,
(5)(8) 1 point each;
Part (2) 2 points: (10)(11) 1 point each;

Part (3) 2 points: (12) 2 points;

Part (4) 8 points: (17)(18)(19)(20) 1 point each, (21) 4 points;

Part (5) 5 points: (23)(24) 1 point each, (26) 3 points;

Part (6) 24 points: (27)(29)(35)(37) 3 points each, (33)(40) 2 points each, (41)(42) 4 points
each;

Part (7) 3 points: (x) or (%) or (% %) 3 points.

*Translator’s note: The source prints the exponent of (32) as el 4a)=wtl. the form given here matches
(31).

" Translator’s note: As printed, the prefactor here and in (41)(42) is %, whereas (34) and (40) give

/3

6 The factor 1£ of (34)(40) is the consistent one.

Problem 4 (two-wheeled self-balancing vehicle: cornering, accelerating and small
oscillations)

(1)

(1.1) Let D be the centre of the circular trajectory of C, and take the line CD as a rotating
reference frame s [this frame may be regarded as a rigid body rigidly attached to the line
CD and rotating about the vertical axis through D with angular velocity € (but not co-

16
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rotating with CD itself)]; a top view is shown in Fig. Sla. In this frame the magnitude
of the torque about the end point C of the rod produced by the centrifugal inertial force
acting on the rod is

L
/0 dl%-QZ(R—lsingb)-lcosgb:MQQLcosé- (% _ gsimﬁ) 1)

0
R 1a

Labels: {if#E 1a = Fig. Sla (top view of part (1.1)).

From the condition of torque balance of the rod about its end point C in s,

R L L
2 X =y = 3 — L= <8
MQ?Lcos ¢ (2 351n¢> Mg 251n¢ (2)
whence o7
q g
R:?Slrub—}—@tan(b (3)

(1.2) Since the vertical component of the total momentum of the balancing vehicle is
always zero,
Nleft + Nright = Mg (4)

We now obtain the expression for the difference of these two normal forces from their
torques. The angular momentum of the rod is found below by two methods.

Method 1: calculation in the ground frame. Since the mass of the wheels may be
neglected in this part, only the angular momentum of the rod is needed. Let the vertical
projections of D and C on the ground be D’ and C’, and set up a coordinate system
S(D'-XY Z) fixed to the ground with origin D’, as shown in Fig. S1b. The three coordinate
axes of the frame s (D’-zyz) still point along the directions stated in the problem, but the
origin O is taken to coincide with D’; the frame s rotates about the origin D’(O) relative to
the ground with angular velocity € = —Qk, see Fig. S1b. The frame s is at rest relative to
the rotating frame s of part (1.1), which is why the same symbol s is used. In the ground
frame the unit vectors %, j, k of the axes of the frame s can be written in terms of their
components in the frame S as

i = [cos(Q2t), — sin(2¢), 0]

J = [sin(Q2t), cos(2t), 0]
k = (0,0,1)

17
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SRHRRE 1h

Labels: Jif#E 1b = Fig. S1b (the ground frame S and the rotating frame s).

The first of these expressions gives the components, in the frame S, of the unit vector
of the x axis of the co-moving frame s; the meaning of the other two is likewise obvious.
Note that

di Lo Ak )

a- o a Tt A
We now calculate the angular momentum of the rod about D’.

Method 1a: decompose the total angular momentum into the angular momen-
tum of the centre of mass about the origin D’ plus the angular momentum of
the rigid body about its centre of mass.

The principal axes of the rod are by = icos¢ — ksin ¢, by = j, b3 = tsin ¢ + k cos ¢, and

the moments of inertia along the principal axes are o411 = Irod2 = EM i Ioa3 = 0.

The angular momentum of the rod about its centre of mass is

Lioq = Lioa,1 (2 - b1)b1 + Lioa 2(2 - b2)ba + L1a,3(€2 - b3)bs = 1—12ML2 [(—9kK) - b1]by -
= %MLZ(Q sin ¢)(i cos ¢ — ksin @)
The total angular momentum of the rod is
L=L.y + Lyq
- —M(R— gsingb>Qj X [—(R - gsingb)i + (r+ scos¢)k] ¥ Lyoa
- —MQ(R— gsmqs)Qk . MQ(R— gsind)) (7’ + gcosgé)i

+ iMLQ(Qsin@(icosqﬁ — ksin¢)

12
L2
= —MQ (R2 ~ RLsing + - (sin ¢>)2>k¢
RLcos¢ rLsing L? .
—MQ(Rr—i— 5 = 5 —?smdmos.d))z

[Method 1b: obtain the total angular momentum by integration. Consider the
mass element of the rod at a distance [ from the point C; its coordinates in the frame s are

—(R —lsing)i+ (r +lcos¢)k

and its velocity is

(R — 1sin ¢)Qj

18
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Hence the angular momentum of the whole rod about D’ is

/ —dl- (R —1Isin¢)Qj x [—(R —Ising)i + (r + l cos ¢)k]
= —MQ <R2 — RLsin¢ + L—Q(sm qﬁ)Z)kz (6'(7))
— MQ(RT+ RL;OS¢ rLs21n<;5 — I;smqﬁcosgé>

The result is the same as (7) of Method 1a.]
The rate of change of the angular momentum is

%L M(R

Note that the friction force can produce no torque about the origin D’; hence the condition

L Lsi s
R ;osd)_r 821n¢_?sin¢cos¢>92j

— L = total external torque reads

dt
M2 (Rr n RL ;08¢ rL SQHMZ5 _ I‘:; sin ¢ cos ¢) @®
= N (Rt )+ Noga (R~ ) — g (m - 229)

[Method 2: calculation in the rotating frame. In the frame s that rotates together
with the centre of mass of the balancing vehicle, the centre line of the axle and the rod
are both at rest, while the ground and the wheels move relative to the vehicle body. The
problem then becomes a problem of statics for the rod.

We still use the coordinate system and the unit vectors %, 5, k of Method 1. Note that in
the rotating frame %, j, k are constant vectors. The angular-velocity vector of the rotating
frame relative to the stationary frame is (—Qk).

Consider the torque balance of the whole balancing vehicle about the point D’; in this way
the friction force need not be found.

Similarly to the calculation in part (1.1), the magnitude of the torque of the inertial force
on the rod about the point D’ is

Tinertial force, rod = / dl — Q2 —lsin GZ)) : (l cos ¢ + T)

RL L? L
= MQ?. (TCosgb— ?Slngbcosgb—er— %Slnqb)

The condition of torque balance of the rod is

(4 2) o (= 5) - 25)

10)
RL T2 rL (
= MQ?. (— cos ¢ — —smd)cosd)—l—Rr - —squb)
2 2
The result is the same as that of Method 1.]
Using (3)(4)(8),
2r LO? sin

Nleft - Nright =M - E |:gtan¢+ 6¢:| (11)

From (4)(11),
M r LO? sin ¢
Nleft|right = 79 + M& |:g tan¢ + 6:| (12)
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(2) From the theorem of motion of the centre of mass, the total friction force f exerted by
the ground on the two wheels of the balancing vehicle satisfies

f=(M+2m)a(h) (13)
The moment of inertia of each wheel about the axle is
I = mr? (14)

By the statement of the problem the wheels roll without slipping on the ground, so the
angular acceleration of a wheel about the axle is

B=—- (15)

By the angular-momentum theorem, the torque 7(6) that the motor inside the vehicle
delivers to the two wheels about the axle satisfies

7(0) — fr=2IB (16)
From (13)(15)(16),
Twy:@w+2m+%§qu (17)

By the statement of the problem the inclination angle 6 of the rod stays constant, so f and
7(6) also stay constant, and the point C moves in a straight line with constant acceleration.
In the translating accelerated frame moving with C the acceleration of the rod is zero, so
the torques on the rod about its end point C satisfy the equilibrium condition

L L
MggsiHO—Ma(9)§COSG+T'(9) =0 (18)

where 7/(6) and 7(0) are an action-reaction pair of torques,

7(0) = —7(9) ¢l
From (17)(18)(19), M Lgsin 6
gsin
a(f) = ML cosf + 2(M + 4m)r 0
(M +4m)rMLgsin@
() = ML cost + 2(M + 4m)r (21)

(3) Take the origin O of the coordinate system s'(Ozyz) to be the vertical projection on
the ground of the initial position of the point C. At time t the Cartesian coordinates of C
are (0,y(t),r), and the position of the centre of mass of the rod at time ¢ is

(0, y(t) + gsinH(t), r+ gcose(t)> (22)

[One may either derive the final equation of motion first and then expand in small quan-
tities, or keep only first-order small quantities throughout; here 6, y and their derivatives
of all orders, as well as 7, are all first-order small quantities.]

Method 1. In the translating accelerated frame moving with C, the rotational equation
of the vehicle-body rod about the point C is

1 . L L
§M’L20 = M’gge(t) - M’ij —7(0) (23)
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whence ..
. 206  27(6)
— ) — _ 24
§=90-—— 57 (24)
From (22), the y component of the acceleration of the centre of mass of the rod is
d2 L L . . L.
ay(0) = e [y(t) I 5 sin&(t)} =4+ 5(0 cos@ — 6% sin ) = §j + 59 (25)

The total friction force f exerted by the ground on the two wheels of the balancing vehicle

1S
!/

=0+ omyy+ 2L (26)

From the condition of pure rolling of the wheels on the ground, the angular velocity of a
wheel about the axle is

Y

=& 27

w="1 (27)
and the angular acceleration is )
Yy

== 28

p=1 (28)

By the angular-momentum theorem, the torque 7(6) that the motor inside the vehicle
delivers to the two wheels about the axle satisfies

218 = 7(0) — fr (29)

Equation (29) has the same form as (16), but it is obtained under different conditions.

From (26)(28)(29),

. M'Lr ..
Migr i =(6)~ 2L (30

where
! ! 21 !
Migy =M +2m+ — =M +4m (31)
r
Substituting (24) into (30) to eliminate j,

2 M’
~(3M0 = 5

Substituting (21) into (32),

. r
)LT@ = —Méot'rge + (Mtlot 0 m

v1| -0 (33)

[Method 2. In the translating accelerated frame moving with C, the rotational equation
of the vehicle-body rod about the point C is

%M'L%’ = M’gg sin 0(t) — M’yg cosO(t) — 7(6) (23')
From (23’), )
y=gtemt = gcf: 0 M?Z(gse (24)
From (10), the y component of the acceleration of the centre of mass of the rod is
ay(9) = ;1:2 [y(t) + gsin G(t)} =§j+ g(@ cos — 62 sin 6) (25")
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The total friction force f exerted by the ground on the two wheels is

f=2mij+ M'a,(0) = 2mi + M’ [g'/'—k g(écosﬁ - 9.281110)}
. (26)
(6 cos§ — 6% sin 6)

= (M'+2m)j+ =

Likewise, by the statement of the problem the wheels roll without slipping on the ground,
so the angular velocity of a wheel about the axle is

== 27
w="1 (27)
and the angular acceleration is )
Yy /
p="1 (28

By the angular-momentum theorem, the torque 7(0) delivered by the motor to the two
wheels about the axle satisfies

218 = 7(0) — fr (29)
From (26")(28")(29’),
M'Lr . )
M. i =7(0) — L (l cos 6 — 62 sin 0) (30')
where o
Moy = M'+2m 4+ — = M' +4m (31)
T

Substituting (24’) into (30') to eliminate j,

2L0 27(6) M'Lr L
M r <gtan0 e M’Lcos@) =7(0) — > (cosf -6 —sinf - 6%)

Simplifying gives the differential equation for 6:

2 M’ 0 ..
(1 g 2y M)
3cosf 2 (32')
2 ! .
= —M{yrgtant + (Mt/ot : WZOSQ + 1)7(9) + " sing - 62
Substituting (21) into (32),
2 M’ cosO\ _ .
— (M, - )Le
( ot 3 cosh 2
M'Lcos0+2M! . r) Myt Mgtan®  M'L :
= — M/, gtan — ( for”) Mo J + sin - 62
(ML cos 6 + 2Myoer) M 2
After simplification,
2 M’ cosO\ _ -
—(mM, - - )La
( ot 3cosd 2
_ Moy — M 1 1 n, ML 32
= Miorg tan 6 - y JrMLCOSQ‘M—'—m (M—M)-l-TsmGﬂ
tot 2
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In the small-quantity approximation, keeping the above equation to first order,

2 M’ = Mot — M M,
7(7Mgtf—)L-0: tot St L | (M- M) -0 (33)
3t 2 ML M
Mot + o
-
which is the same as (33).]
Since 0 v
and I .
tot T > 0
Mot + “or
r
the condition for small oscillations is
M > M’ (34)

In that case the equation is the equation of simple harmonic motion, and the frequency of

the small oscillations is

Here

]S

21
Mtot:M+2m+7:M+4m
T

Marking scheme.
This problem carries 70 points.
Part (1)

(1.1) 7 points: (1) 2 points, (2) 3 points, (3) 2 points;
(1.2) 16 points: (4) 2 points, (5) 3 points, (6)(7) 2 points each, (8) 3 points, (11)(12) 2

points each;
Part (2) 16 points: (13) 2 points, (14)(15) 1 point
each, (19) 1 point, (20)(21) 2 points each;

each, (16) 3 points, (17)(18) 2 points

Part (3) 31 points: (22) 3 points, (23) 4 points, (24) 1 point, (25) 3 points, (26) 3 points,
(27)(28)(29) 1 point each, (30) 3 points, (32)(33) 2 points each, (34) 3 points, (35) 4 points.
(Primed equations are marked in the same way as the corresponding unprimed ones.)

Problem 5 (structure of a star: hydrostatic equilibrium, radiation pressure and the

Eddington limit)
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Solution

(1) As in Fig. SHa, take an area element dS at radius r perpendicular to the radial direction
(only the side view of the area element is drawn in the figure), and construct a cone with
apex O and cross-section dS. For a star with a spherically symmetric mass distribution,
when the height of the lateral surface of the cone increases by dr the cross-section of the
cone increases from dS to dS’ (not marked in the figure). Inside this cone, the volume
element of the region between the two cross-sections dS and dS’ is dr dS (its side surface is
shown hatched). Taking the outward radial direction as positive, the force-balance equation
for the matter inside this volume element is

Gm(r)p(r)drdS _0 (1)

Labels: #if#E 5a = Fig. S5a.

Here p(r) is the density of the stellar matter at r, and m(r) is
m(r) = / dr’ 4mr p(r') (2)
0

From the definition of p(r), or by differentiating both sides of (2) with respect to r,
dm(r)

dr
From (1)(3), in the equilibrium state m(r) and p(r) satisfy

dp(r) n Gm(r) dm(r)
dr drrd  dr

= 4mr?p(r) (3)

=0 (4)

Substituting (3) into (4) gives

dp(r) __ Gp(r)mir) -

dr r2

Equations (3) and (5) are the differential equations satisfied by m(r) and p(r) in the
equilibrium state.

(2) By direct computation, using (4),

d GmQ('r) B dp(r) =~ Gm(r)dm(r) GmQ(r) B Gm2(7')
dr [p(r) 8mrd ]_ dr drrt dr  2mr® 2mpd = (6)
From (2),
lim m(r) o p(0)r® (7)
r—0
and hence, from (7),
q m2(7") 2
}1—% e —0 (8)
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At the surface of the star, r = R,

p(R) =0 (9)
m(R) = M (10)

From (6), , ,

Gm=(r Gm*(R
i+ S| sy + S (1)
Taking r — 0 on the left of (11) and using (8)(9)(10),
2

pO)> o (12)

The minimum value (lower bound) of the pressure at the centre of the star is the right-hand
side of (12).

(3) The gravitational potential energy of the star is

& mir
Egrav = _/0 Gr()477742p(7a) dr (13)
From (5)(13), .
Egrav = /0 47T’l“3dp(’l") (14)

Integrating the right-hand side by parts,

R R R
Gy = 47‘('7“3]9(7“)‘0 - 1277/ p(r)ridr = —127T/ p(r)ridr (15)
0 0

Because r = 0 and p(R) = 0, the first term after the first equals sign above vanishes.

(4) The condition for the star not to fall apart is that its total energy satisfies
Etot — Eint oty Egrav < 07 (16)

where the total potential energy Fgpay is given by (15) and the total internal energy Fiy is
R
Ein = / u(r)4mr? dr (17)
0

From the condition given in the problem,

(v = Du(r) = p(r)

and from (17),

1 (R 5
int = o1, p(r)dmradr (18)
From (15)(16)(18), the total energy of the star is
4
1 773
Eiotal = Eing + Egrav = _mEgrav + Egray = ngrav (19)

If the star is stable and will not fall apart, then (16) must be satisfied. Noting that
Egrav < 0, equation (19) shows that + must satisfy

4
= 20
7>3 (20)
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(5) The internal-energy density u;,q of the photon gas can be obtained by integrating the
Planck black-body radiation energy spectrum over frequency. From the formula given in
the problem,

o0 2 o0 3 51474
- :/ v 8mv hv 1 :/ d(hw) 8w (hv) 8wk (21)
0 0

B3 ohv/kT _ c3h3 ehv/(RT) — 1~ 15h3¢3

To compute the light pressure of the photon gas, take in the radiation field an oblique
cylindrical volume element as shown in Fig. S5b, where dS is the area of the base of the
volume element and cdt is the length of the generator of its lateral surface. If the light
pressure of the photon gas is p;aq, the impulse it delivers to the area element dS in the

time dt is
dl = paqdSdi (22)

AFRE 5b

Labels: #if#E 5b = Fig. S5b.

Take as polar axis the normal at the centre of the base of the volume element (positive
downwards, see Fig. S5b). In the time dt¢ the projection, along the direction of dS, of the
momentum transferred to the area element dS by one photon of frequency v is

dp, = {hl/ — (—mj)] cosf = 2cosehy (23)
c

C C

which is proportional to the energy hr of a photon of frequency v. The sum over all
frequencies of the projections, along the direction of dS, of the momenta transferred to d.S
by the photons in the time dt is

_ 2cosf 1 [ 82 hv _2c086 uraq

dv

= 24
c 4m J, 3 ew/kT _ 1 c Am (24)

Urad

where is the internal-energy density of the photon gas per unit solid angle. The

s
impulse [ is in fact the sum of the projections, along the direction of d.S, of the total
momentum transferred by the photons to the area element d.S in the time dt:

2T w/2 92 0
I1=- / dey / d cos § 25227 Urad dS cdtcosf
0 0 C 47

Urad o /2 2 1 (25)
=-2 det/ dgp/ cos” 0dcosf = —tpaqdSdt
47'(' 0 0 3
From (25),
1 8mokAT
rad — S Urad = 273 3 26
Prad = gitirad =~y 53303 (26)
From (26) and the definition of the adiabatic index,
Prad 4
=1 = = 27
=1+ =3 (27)
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(6) Consider again the volume element of Fig. Sha. The momentum of the radiation it
absorbs gives the pressure difference of the light pressure between its inner and outer sides:
(r)drdS " 1 L(r)
ds c 4mr?

—dpra(r)ds = £0P ds (28)

On the right-hand side, the factors to the left and to the right of the multiplication sign are
respectively the number of photons absorbed per unit area over the distance dr, and the
total momentum of the photons crossing the area element d.S per unit time. From (28),

dpraa(r) _  K(r)p(r)L(r)

= — 29
dr dmric (29)
Substituting (26) into (29) and using (4),
dT'(r) 45h3c2f<c(r) dm(r)
T3 = - L
(r) dr 51277 kArd (r) dr 80}

(7) The total pressure at each point inside the star equals the sum of the partial pressure
Patom Of the atomic matter and the light pressure p,.q:

p(T’) = Patom (T) + prad(r) (31)

Once radiation is included, the pressure p in equation (5) of part (1) must be understood
as the total pressure. Hence, from (5)(29) and the assumption given in the problem,
dpatom(r) _ dp(r) . dprad(r) Gp(?“)m(r) K,(T)p(?")L(’I")

= 2
dr dr dr 72 u 4d7rie 0 (32)

From (32), at the surface of the star r = R,

Spaenl)] GO AT -
¢ From (33), G
L(R) < 7:( 3 (34)

Marking scheme.

This problem carries 50 points.

Part (1) 7 points: (1) 2 points, (2)(3
Part (2) 10 points: (6) 2 points, (7)(
Part (3) 5 points: (13) 2 points, (14) 1 point, (15) 2 points;

)(4) 1 point each, (5) 2 points;
8)(9)(10) 1 point each, (11)(12) 2 points each;

(
(
Part (4) 8 points: (16)(17) 2 points each, (18) 1 point, (19) 2 points, (20) 1 point;

Part (5) 10 points: (21) 2 points, (22) 1 point, (23) 2 points, (24)(25)(26) 1 point each,
(27) 2 points;

Part (6) 5 points: (28) 2 points, (29) 1 point, (30) 2 points;

Part (7) 5 points: (31)(32) 1 point each, (33) 2 points, (34) 1 point.

“Translator’s note: The source prints x(r) in (33); it should be x(R), as in (34).

Problem 6 (one-dimensional Casimir force between conducting plates)
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(1) Between the conducting plates A and B, let A be the wavelength of the vacuum elec-
tromagnetic wave. Then

A
ng =a n=123,-- (1)
whence
2rc  2a
)\ = — = —
w n

Therefore, between the conducting plates A and B, the angular frequencies of the vacuum

electromagnetic waves are

w=""C =123, (2)
a

Likewise, between the conducting plates B and C, the angular frequencies of the vacuum
electromagnetic waves are

n=123--- (3)
(2) The vacuum electromagnetic field energy between two adjacent conducting plates sep-

arated by a distance r is
Z Z 1
1o e @)

The total vacuum electromagnetic field energy of the system formed by the three separated
conducting plates is

Fu(a) = E(a) + B(L — a) = (% +s L Iy %Tmnc (5)
n=1

(3) By the work—energy principle, the interaction force on the conducting plate B is
dFEiot (CL) 1 1 s 1
Fla)=—"—== (— — —) —h 6
(a) da a? (L —a)? nz::l gmne (6)

The result is divergent.

(4) By the method given in the problem, the vacuum electromagnetic field energy between
two adjacent conducting plates separated by a distance r is

w Them  _ne  The = _.p
E hwe wA—— ne Ar = —— Y ne (7)
2r 2r
n=1 n=1
where ¢ = — < 1. Take the formula for the sum of a geometric series,

Ar

0o . e
Seme 8
n=1

and differentiate both sides with respect to e:

—&

—Zne "= e (9)
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Expanding in the small quantity e,

e~® 1 1 1 €2
en _ — = — — . 10
Zne TP etec-2 2 12 40" (10)
so the energy is

the e ar wh whe 1
= =T - 204 0(55) 11
() 2r (1 —e_ﬁ)2 2c T 24y A2 (11)
The total vacuum electromagnetic field energy of the system formed by the three separated
conducting plates is

mh | o mhe /1 1 1

Etot(a)—E(a)‘i‘E(L_a)—%A L—ﬂ( +L_a)+0<p> (12)

By the work—energy principle, the interaction force on the conducting plate B is

dFiot(a) d whe 1 1 1

Fla)=——"—+=——[F E(L-a)]=—|—ms—-— — 1
(a) da da[ (a) + B ol 24 |(L—a)? a2 + O(A2> (13)
From (13),
. : _ mhe

AR B = "o -

The negative sign shows that A and B attract each other.

(5) By the method given in the problem, the vacuum electromagnetic field energy between
two adjacent conducting plates separated by a distance r is

0 =3 5 (%) = 5 s () (15
Likewise

7he nc
E(L—a) = M—@;”f(/\@—a)) (16)

A(L —a)

The ne wh e
E(L—-a)= 2(L—a;nf<A(L—a)> = 2C(L—CL)A2/0 dzx f(z)

When L — oo, the sum over n turns into an integral over = (with — x):

(17)
h o0
=p— T aAQ/ dzzx f(x)
2c 0
where . ~
p= 7TLAQ/ dzz f(x)
0
The total vacuum electromagnetic field energy of the system is
Etot(a) = E(CL) + E(L — CL)
The | = ne a’\? [
_pL+2cz[;nf(/m>02/o dxmf(x)] (18)

:pL—i—?;—ZC [inf(ﬁi) —/Ooodnnf(XSL)]
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English translation

® Define G(n) =n f (%) (G(n) is not an electromagnetic force). By the formula given in
a

the problem,

N N /4 1
N) — N) —
o 0 2 12
1
Because G*22)(n) contains a factor =y it follows that
] () () =
25,67 ) =0
Hence when x — oo (i.e. A — 00),
N N !
G(0) G'(0
> 6 - [ anGm = - - E0)
n=1 0
ne
From G(n) = nf(A—a),
G(0)=0

o' =1(5a) * 1’ (5a)

and from (22),

From (17)(20)(21),

Bt =1+ 5(-15)+0(})

So when L — oo and A — oo, equation (24) gives

_ dEtot (G,) . mhe

@) = da ~  24a?

This result is independent of the functional form of f(z).

Marking scheme.

This problem carries 50 points.

Part (1) 5 points: (1) 2 points, (2)(3) 3 points together;
Part (2) 4 points: (4)(5) 2 points each;

Part (3) 4 points: (6) 4 points;
Part (4 (

(19)

(20)

) 15 points: (7) 2 points, (8) 1 point, (9)(10)(11)(12)(13)(14) 2 points each;

Part (5) 22 points: (15)(16) 3 points together, (17)(18)(19)(20)(21)(22)(23)(24)(25) 2

points each, (%) 1 point.

“Translator’s note: The source writes pL here and in (24), although p as defined above already contains
the factor L; the term should read p. It is independent of a and therefore does not affect the force.
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