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Solutions:

1. Let m = 8% — 1 and n = 4° + 1. Note that
m=2"-1=252"+1) - (2° + 1) = 64n — 65,
so any common factor of m and n would also be a factor of 65. On the other hand, since
n=4"4+1=4>+1)(4°—-4>+1) =65(4° - 4> + 1)

is a multiple of 65, we can see that m = 64n — 65 is also a multiple of 65. From this we
conclude that the highest common factor of m and n is 65.

Remark. The highest common factor of two positive integers can also be found using
the Fuclidean algorithm. We divide the larger number by the smaller number, and subse-
quently we divide the divisor by the remainder in the next step, until we get a remainder
of 0. The last divisor would be the highest common factor. Applying the algorithm on
this case, we would get

(220 —1) + (2B41) = 20-1 .. 28 _296
28 4+1) + (2B-20) = 1 241
(218 —26) + (2641) = 22-26 ¢

and hence the highest common factor would be 2° 4+ 1 = 65.

2. Note that the unit digit of a square number can only be 0, 1, 4, 5, 6, 9 (just consider
the unit digits of 12 to 10%). When the tens digit is 7, only the unit digit 6 is possible
because a square number is either congruent to 0 or 1 modulo 4 (to see this, note that
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an even square number must be divisible by 4 and an odd square number is of the form
(2k +1)2 =4k* + 4k +1 =1 (mod 4)).

Hence n? ends with 76. Then n? — 1 ends with 75 and is divisible by 25. It follows that
n+ 1 or n — 1 is divisible by 25 (note that n + 1 or n — 1 cannot be both divisible by
5 as they differ by 2). As n is even, the only possible values of n are 24, 26, 74 and 76.
Indeed, we check that 24% = 576, 262 = 676, 74> = 5476 and 762 = 5776 all have tens
digit 7. The answer is thus 24 + 26 + 74 + 76 = 200.

Remark. It is not hard to get the answer by brute force. For instance, first consider the
case where n has unit digit 1, and we note that the last two digits of 12, 112, 212, ... are
respectively 01, 21, 41, ..., and similar patterns also exist when n has other unit digits.

. Without loss of generality assume a > b > ¢. Multiplying both sides of the equation by
26 = 64, we have
2a+6 + 26+6 + 20+6 — 37,

Clearly a + 6 must be positive (otherwise the left hand side is at most 1 + 1+ 1 = 3),
while ¢ + 6 must be non-positive (otherwise the left hand side is even). Also, if b+ 6 is
not positive, then the only way to make the left hand side an odd integer would be to
have b +6 = ¢+ 6 = —1, but that gives 2475 = 36, which has no integer solution. Hence
b+ 6 is also positive, and that forces ¢ + 6 = 0 in order for the left hand side to be odd.
The equation thus becomes

36 = 2a+6 + 2b+6 — 2b+6(2a7b + 1)

Since 36 = 22 x 9, we must have b+ 6 = 2 and a — b = 3. It follows that (a,b,c) =
(—1,—4,—6) and so the answer is (—1)3 + (—4)3 + (—6)3 = —281.

Remark. We can guess the answer intuitively by noting that 37,9 = 1001015, so

37 95192 4 20
6_4:—+26+ — 1491496

The original (long) solution merely ensures that the answer is unique.

. For Mike, the average of the integers he wrote is 2. Hence he has written %(m— 1) integers
smaller than 2 and %(m — 1) integers greater than 2. In particular, the largest integer he
has written is 2 + 3(m — 1).

For Kent, the average of the integers he wrote is % That means if the integers he wrote
are split into the smaller half and the larger half (of m integers each), then the largest
integer in the smaller half is 0 and the smallest integer in the larger half is 1. It follows
that the largest integer he has written is m.

Clearly m > 3 as the difference between the two largest integers is 2024, so m is greater
than 2 + £(m — 1). It follows that m — [2 4 1 (m — 1)] = 2024, which gives m = 4051.



5. Note that 108° is equal to an interior angle of a regular pentagon. Hence we may construct
a regular pentagon BCDFEF with A being an interior point and with AB being equal to
the side length of the pentagon. Since ZABF = 108° — 48° = 60°, AABF is equilateral
and so AF' is also equal to the side length of the pentagon.

E

48° /
B C

Now it follows that /EFFA = ZEFB — ZAFB = 108° — 60° = 48°, so AFFEA is
congruent to ABCA, with ZFAE = ZBAC = 1(180° — 48°) = 66°. It also follows that
AFEAD = NCAD, so

/CAD = /EAD = 360" — 66 2_ 00° = 667 _ 84°.

Remark. We can also work out the answer without involving the point . Just consider
the point F' for which AABF is equilateral and C', F' are on different sides of AB. Since
ZFBC = 60° +48° = 108° = ZDCB and FFB = BC = CD, we see that FBCD is an

isosceles trapezium.

F

D

We now have Z/DFB = 180° — ZFBC = 72° and

/DBF = 108° — /DBC = 108° — u — 70

so DF = DB. Since we also have AF = AB, we have ZDAF = /ZDAB = $(360°—60°) =

150°. Hence 180° — 48°
/CAD = 150° — ZBAC = 150° — T_ — 84°.



6. Consider such A and B which minimise the distance between them. Then A should be
in the first quadrant. Also, the line through A with slope —1 (i.e. perpendicular to the
graph of y = |z| in the first quadrant) intersects the parabola x = y? + 2 at two points,
and the one with smaller z-coordinate (and larger y-coordinate) is B.

Let A = (a,a). The line through A with slope —1 has equation x + y = 2a. Solving this
equation together with x =y + 2, we get y = %(—1 + 8a—7) and x = %(4@ +1F
V8a — 7). It follows that

B (4a+1—\/8a—7 —1—|—\/8a—7)
N 2 ’ 2 '

From this we get

AB_\/<G_4a+1—\/8a—7>2+(a_—1+\/8a—7)2_2a+1—\/8a—7
B 2 2 B V2 '

Setting u = /8a — 7, we have

W+ +1—u V2 N
AB = NG —?[(U—Q) + 7],

which has minimum value %\/ﬁ when u = 2, i.e. A= (%, %) and B = <§, %)

Remark. There are many alternative ways of solving the problem, especially if one
knows calculus. The following lists some of them.

(1) Using (one-variable) calculus

At points A and B which minimise the distance between them, the tangent to the
parabola at B should have slope 1 (so that it is parallel to the graph of y = |z| in the

d 1
first quadrant). With y = v/ — 2, we have & _ 9

dr m, and we ﬁnd that © = 1



(and y = %) in order for the derivative to be equal to 1. Hence the answer is simply

2,3) to the line y = «, which is
9 1

' i |_TV2

V12412 8

Using the theory of quadratic functions

the distance from the point (

Solution (1) can be turned into a non-calculus solution by considering the slope of the
tangent in a different way. Suppose the tangent to x = y* + 2 at the point (b* + 2,b)
has slope m. Then the equation of the tangent is y — b = m(x — b* — 2). Setting
r = y* + 2 in the equation thus gives y — b = m(y* — b?), or

(y = b)[1 —m(y +0)] =0.

This quadratic equation in y should have a double root (which must be b in view of
the first factor) because the tangent meets the parabola at just one point. Hence we
have 1 —m(b+b) = 0, so that m = 5. Thus we should take b = 1 for the tangent to
be parallel to the graph of y = |z| in the first quadrant, and then we can proceed as
in Solution (1).

Using multivariable caclulus

Let A = (a,a) and B = (b + 2,b). Then the square of the distance between A and
B is given by

fla,b) = (b*+2—a)*+ (b—a)*
We have
fo=—20*+2—a)—2(b—a) and f, =2(b*+2—a)(2b) +2(b— a).
To minimise f we set f, = f, = 0. From f, = 0 we get 2a = b*> + b + 2. Putting this
into f, = 0, we get
2(* +2)(2b) — 2b(b* + b+ 2) +2b — (b* + b+ 2) = 0,

which simplifies to (2b — 1)(b* — b+ 2) = 0. As b*> — b+ 2 = 0 has no real solution,
we have b = %, and this corresponds to a = %. From this we can compute directly

to get the minimum distance between A and B to be %\/5

Completing square

With notations in Solution (3), we may write
fla,b) = 2a* — 2(b* + b+ 2)a + (b* +5b* + 4).

For each fixed b, this is minimised when a = (b* + b + 2), in which case f(a,b)
becomes

b2+ b+2 1 1
f (%b) - 5(1)4—2193+5b?—4b+4) = 5(1)2—b+2)2,

which is minimised when b = 1. We can then proceed as in Solution (3).
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7. (Idea for solution. Since ZPAB + ZQAD = 45° = ZPAQ), one may split ZPAQ into
two parts, whose sizes are equal to ZPAB and ZQAD respectively.)

Reflect APAB across PA and AQAD across QA. Since AB = AD and ZPAB +
ZQAD = ZPAQ), the image of AB across PA and the image of AD across QA coincide.
Let this common image be AR.

B P C
R

Q

A D

Note that ZPRQ) is a straight line as ZARP = ZARQ = 90°. Let t be the side length of
the square. Then AR =t and so the area of AAPQ is % - PQ - AR = 2t. It follows that
the total shaded area in the above figure is 4t and so the area of the square is 4¢ + 3. This
gives the equation #?> = 4t + 3, solving which gives ¢t = 2 4+ /7 (the negative root 2 — /7
is of course rejected).

Remark. Using CP? + CQ? = 16 and CP x CQ = 6, one can solve (without loss of
generality assuming CP > CQ) to get CP = /7 + 1 and CQ = /7 — 1. This leads to
several reasonably easy ways of direct algebraic computations of t. For instance one could
apply the cosine formula in APAQ), or use coordinate geometry as follows. Set A at the
origin. Then the coordinates of P and @ are respectively (t —+/7—1,t) and (t,t —+/7+1).

Y,
B P<t_\/7_17t) C
VT+1
VT-1
45°
A D T




We have tan ZPAD = # and tan ZQAD = # As ZPAD — ZQAD =
45°, we have
t - V741
| = tan(ZPAD — ZQAD) = t=VT=1 t ,
- t t—V7T+1
t—7-1 t

which simplifies to the quadratic equation t> — 2v/7t +3 = 0. The roots are /7 + 2, and
the positive sign is taken as ¢ must be greater than CP = /7 + 1.

. By the properties of parallelograms and isosceles triangles, /DOE, Z/ODB, ZOBD,
ZOFEC and ZOCE are all equal to ZBAC, i.e. z°. There are two possibilities, according
to whether O lies outside BCED (left) or inside BCED (right). (Theoretically O may
also lie on BC'; it could be included into either case below, and the following computations
show that O actually does not lie on BC' in this question.)

A
A
5 . D E
1\
0 0
B C

e If O lies outside BCED, then /ZBOC = ZBOD + Z/DOFE + ZEOC, so
y = (180 — 2z) + x + (180 — 2x) = 360 — 3.

Hence x + (360 — 3z) = 196, which gives x = 82.
e If O lies inside BCED, then ZBOC = 360° — Z/BOD — /DOFE — ZEOC, so

y =360 — (180 — 2x) — = — (180 — 2z) = 3.
Hence x + 3z = 196, which gives x = 49.
It follows that the answer is 82 + 49 = 131.

Remark. Since OD = OF, the parallelogram ADOFE is actually a rhombus. It is also
easy to show that we must have AB = AC.



9.

10.

Let v be the number of vowels and ¢ be the number of consonants. Then (v, ¢) must be
equal to (2,3), (3,2) or (4,1).
If (v,c) = (2,3), there are C§ ways of fixing 2 places in a word to be vowels (and the

remaining 3 places will be consonants). There are 5 choices for each vowel and 8 choices
for each consonant. Hence there are at most C3 x 5% x 8 = 128000 such words.

Similarly, the case (v,c) = (3,2) gives at most C3 x 5% x 8 = 80000 words while the
case (v,¢) = (4,1) gives at most CF x 5% x 8 = 25000 words. The answer is thus
128000 + 80000 + 25000 = 233000.

It is well-known that a figure consisting of (straight and curved) lines can be drawn in a
single penstroke if and only if the figure (when considered as a graph with vertices being
the intersection of the lines) has at most two odd vertices (i.e. vertices of odd degree).

As an easy generalisation, if a graph has 2n odd vertices (note that the number of odd
vertices must be even since the sum of the degrees of all vertices is equal to twice the
number of edges), then at least n penstrokes are needed to trace the graph. This can be
proved by induction — the key observation being that the number of odd vertices will be
reduced by 2 if we add an edge joining two odd vertices.

Now the grid described in the question corresponds to a graph with 8 odd vertices as
shown below:

This means tracing the whole graph requires at least 4 penstrokes, and hence Mandy
would miss at least 3 edges. The total lengths of the edges missed is at least 4 (she
cannot miss three edges of length 1 since there are only 2 edges of length 1 whose both
endpoints are odd vertices). As the original figure consists of 12 edges of length 1 and 12
edges of length 2, the length of the figure drawn by Mandy is at most

1x124+2x12 -4 =32.

This is attainable as shown by the example below (the path is slightly altered at some
vertices for easy viewing).

< Start End

>

]
g

>




11.

12.

Call the equilateral triangle ABC' and suppose the vertices A, B, C' are chosen in order.
The first jump of the frog can be considered as a homothety centred at A with factor %
As the initial position of the frog is anywhere inside AABC the set of possible positions
of the frog after the first jump is precisely the triangle formed by A, the mid-point of AB

and the mid-point of AC' (the green shaded area below):

A A A

B h ﬁ
B C B C B C

Similarly, the set of possible positions of the frog after the second and third jumps are

indicated by the yellow and red shaded areas in the figure respectively. The green area is
;11 the area of AABC similarly the yellow and red areas are 4% and 4% respectively. Now
there are 3! = 6 possible orders for choosing the vertices, and the red regions resulting
from different orders of choosing the vertices will not overlap — in the figure below all
the possible final positions of the frog are shaded in red:

A

B C

1 3
The answer is thus Ve X 6 = 39"

Rewrite the equation as z* — 42 = 1. Adding 222 + 1 to both sides and moving the term
—4z to the right hand side, we get z* + 222 +1 = 222 + 42 + 2, or

(22 +1)* =2(x + 1)

It follows that 22 41 = ++/2(z + 1). We take the positive sign in order for a real solution
to exist. The resulting equation becomes 2 — /22 + 1 — /2 = 0. Its two roots a and b
satisfy a + b = V2and ab=1— \/5, and so we have

a? 4+ b = (a+b)? — 2ab = 2V/2.
Remark. We can also work out the answer by brute force. Rewrite the equation as

xt —4r — 1 = 0. We seek a factorisation of the form (22 + px + ¢)(2® + rz + s) = 0.
Comparing coefficients, we have

p+r=0, pr+q+s=0, ps+qr=-4 and g¢gs=—1.
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13.

The first and last equations enable us to express r in terms of p and s in terms of ¢. We
thus get

It follows that

1\? 1\* [4)\°
q q p
or pb +4p? — 16 = 0. Setting m = p? gives m® + 4m — 16 = 0, from which we readily see

that m = 2 is one possibility. This allows us to get (p,q,7,5) = (vV2,V2+1, —v2,1—/2)
as one possibility, and so the equation becomes

(22 + V22 +V2+ 1) (22 = V2 +1—-V2) = 0.

Noting that 224+4/22+1v241 = 0 has no real root, we thus consider 22 — V2r+1—v2=0
to obtain the answer as in the original solution.

(Idea for solution. Note that after rounding off, the difference between consecutive
terms is 6 or 7, the difference between a term and its second subsequent term is 13 or 14,
and so on. This allows us to work out some bounds. For instance, since the difference
between a term and its second subsequent term is 13 and 14 after rounding off, the actual
difference (which is 2d) should also be between these bounds. On the other hand, since
the difference between a term and its fourth subsequent term is always 27 after rounding
off (39 — 12 = 45 — 18 = 52 — 25 = 27), the actual difference (which is 4d) should be
between 26 and 28. By constructing bounds like this, we can eventually work out the
range of values of d.)

Let a, denote the n-th term of the sequence. Note that 17 5 < ag < 18.5 and 38.5 <
as < 39.5. Hence 3d—a5—a2 > 38.5 — 18.5 = 20, sod> . Similarly 5d = ag — a; <
45.5 — 11.5 = 34, so d < =. All intermediate values are attalnable (see remark below).

It follows that

- 20, 3136
3 5 3

Remark. Suppose <d< 34 . We shall prove that there exists a; so that the arithmetic
sequence with first term ay and common difference d have its first seven terms being 12,
18, 25, 32, 39, 45, 52 after rounding off. It suffices to show that the intersection of the
following intervals
= [11.5,12.5)

= [17.5—d,18.5 — d)

= [24.5 — 2d,25.5 — 2d)
I4 = [31.5 — 3d, 32.5 — 3d)
I5 = [38.5 — 4d, 39.5 — 4d)

= [44.5 — 5d,45.5 — 5d)

= [51.5 — 6d,52.5 — 6d)

is non-empty. Indeed, it can be checked that
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14.

15.

o if 23—0 <d< %, the largest of the 7 lower bounds would be 38.5—4d while the smallest
of the 7 upper bounds would be 18.5 — d, and the latter is larger since d > %;

o if % <d< %, the largest of the 7 lower bounds would be 11.5 while the smallest of
the 7 upper bounds would be 45.5 — 5d, and the latter is larger since d < %.

7
Hence in either case we have m I, # @.
k=1

Note that 2024 = 23 x 11 x 23 and 20242924 = 26072 x 112024 » 232024 5oy = 2911%23¢ for
some non-negative integers a, b, ¢ with a < 6072 and b,c < 2024. Then n has exactly
(a+ 1)(b+ 1)(c + 1) positive factors (because each positive factor of n is of the form
2P11923" where there are a 4+ 1 choices for p since p can be any one of 0, 1, 2, ..., a, and
similarly there are b+ 1 choices for ¢ and ¢ + 1 choices for r). It follows that we have

(a+1)(b+1)(c+1)=2024 = 2% x 11 x 23,

and we just count the number of non-negative integer solutions to the above equation,
without worrying the upper bounds on a, b, ¢, since any violation of the upper bounds
will render the left hand side too big for the equation to hold. We can distribute the
factor 11 to one of the three brackets on the left hand side, so there are 3 choices for that.
Similarly there are 3 choices for the factor 23. Finally, we can distribute three factors of
2 among the three brackets on the left hand side, and this can be done in Hy = C3 = 10
ways (see remark below). Hence the answer is 3 x 3 x 10 = 90.

Remark. We are to distribute three identical objects (factors of 2) into three distinct
boxes (brackets on the left hand side). This is equivalent to permuting three O’s and two
I’s (which can be done in C§ ways) since each such permutation corresponds to a way of
distribution if we view the O’s as the objects and the I's as the separators for the boxes.
Some examples that illustrate the ides are shown below:

OI0I0  +—» O | Ol O
O0II0  +— OO | e
1000  +— | | OO0

This shows HS = C3 (here H" refers to the number of ways of choosing 7 objects out
of n distinct objects, without order and with repetition allowed; by contrast C' counts

the same quantity with repetition not allowed). In the same way we can show that
H" = Cn+r—1
T T ‘

Direct computation yields

a _2 a _0 ay = 1—7 and a5 = 13
2= BT g =g 57 %
and we observe that a,, is slightly larger than 7. In fact, a more careful check reveals that
1 3 1 1 5) 1
LTIt BTty @TEtgoand @ =t
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16.

Hence we naturally expect a, = 5+ % (see Remark for a proof), and the smallest possible

value of a is therefore 1 40001

a200 — 100 —+ m - —400 .

Remark. Since only answers are required during the contest, it is reasonable to expect
that the pattern observed is true in general, and therefore one would not need to work out
a proof during the contest. Nevertheless, we give the proof below for the completeness of
a rigorous solution.

Let b, = 2a,, — n (so our goal is to prove b, = %) Then the first recurrence relation in
the question can be rewritten as

62n+2n_bn+n+3n
2 4 4’

or 2by, = b,,. The second recurrence relation can be rewritten as

b2n+1 + (2n + 1)
2
(b +n)(bpy1 +n+1) +n(b, +n) + (n+1)(bps1 +n+1) —3n* —3n—1
2[(b, +n) + (bpy1 +n+1) —2n — 1] ’

which, after careful simplification, becomes

1 1 1

an+ 1 bn bn+ 1 .

We complete the proof by induction. We have by = 2a; — 1 = 1. Suppose n > 1 and
b, = % holds for smaller n. Then we consider two cases:

e If n is even, say n = 2m, then

= 4 =—+4+—=2m+1=n,

so that we have b,, = % as well.
It thus follows by the principle of mathematical induction that b, = % for all positive

integers n.

Let O be the centre and r be the radius of the circle. Since BCDFE is a square, BD
and CE meet at O. Let X and Y be the feet of perpendiculars from A to BD and C'E
respectively. Then AXOY is a rectangle.

12



C D

Note that AABD is right-angled at A. Considering its area gives BD - AX = AB - AD,
so that 2r - AX = 224. Similarly, we have 2r - AY = 360. On the other hand, since

AX? + AY? = XY? = 0A® =12,

(112)2 (180)2 )
— ) +|—) =
T r

It follows that 2 = /1122 + 1802 = 212 and so the area of the square BCDFE is 2r? = 424.

we have the equation

Remark. Ptolemy’s theorem asserts that for a cyclic quadrilateral, the product of the
lengths of the diagonals is equal to the sum of the products of the lengths of the opposite
sides, i.e. if PQRS is a cyclic quadrilateral, then

PR-QS = PQ- RS+ QR- PS.

With knowledge of this theorem, we can solve the problem without constructing the points
X and Y, as follows. Let AB =b, AC = ¢, AD = d, AE = e and the side length of the
square be x.

C D

Applying Ptolemy’s theorem in ABCFE, we have AC' - BE = AB-CFE + AE - BC, or
cx = b(v/2x) + ex. It follows that ¢ = v/2b + e. Similarly, Applying Ptolemy’s theorem in
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ACDE gives AD-CFE = AC - DE+ AE - C' D, which simplifies to v/2d = ¢+ e. It follows
that

?—e*=(c+e)lc—e) = (V2d)(V2b) = 2bd.
As it is given that bd = 224 and ce = 360, we can solve to get ¢ = 18y/2 and e = 10v/2.
Now it follows that 222 = CE? = ¢? + €? = 848, and so the area of BCDE is x? = 424.

17. Let’s assume all balls were drawn and returned to the respective players. Denote by B
the event that Betty gets back all her balls before Emily, and C', D be the corresponding
event (getting back all balls before Emily) for Cathy and Daisy respectively. Note that
P(B) = 2 (essentially we are permuting 2 B’s and 5 E’s and we are looking at the
probability that the last letter is E). Similarly P(C) = 2 and P(D) = 5. On the other
hand, we have P(BNC) = & (essentially we are permuting 2 B’s, 3 C’s and 5 E’s and

we are looking at the probability that the last letter is £) and similarly

P(BND)= %, P(CND)= % and P(BNCND)= 1—54
Emily wins if and only if none of B, C', D happens, the probability of which is
P(BNCND)=1-P(BUCUD,)
=1—-P(B)— P(C)—- P(D)
+P(BNC)+P(BND)+P(CND)—PBNCND)
5 5 5 5 5 5 5

—1-_Z_°Z S
7 8 9+10+11+12 14

18. Let CE =4k and ED = DF = 3k.

By the power chord theorem (see Remark), we have FA? = FD - FC, so we have FA =
V/30k. As BA is a diameter, we have ZBAF = 90° and so FEA = VFE? — FA? = \/6k.
Using power chord theorem again, we have FA - EB = EC - ED, from which we get

EB = 21/6k. Hence
_AB 24 8

"S5 T a6 Vo
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Finally, note that the circle with E'F as diameter passes through A and is centred at D.

That means
LAFD = /DAF = LZACF.

It follows that AC' = AF = v/30k = 8/5.

Remark. Let X be a point outside a circle. The power chord theorem asserts that for any
straight line passing through X and intersecting the circle at A and B (possibly A = B
if the line is tangent to the circle), the value of XA - X B is a constant. Equivalently, we
have XA-XB = XC-XD = XE? in the figure below. The theorem can be easily proved
using the fact that AXAC ~ AXDB and AXFA~ AXBE.

X

D

The same is true if X is inside the circle, except that A = B is no longer a possibility. In
other words we have XA-XB = XC- XD in the figure below, and the proof is essentially
the same.

19. For each of the 36 points, we count the number of triangles with that point as circum-
centre. In view of symmetry, we can classify the 36 points into types A to F as follows,
so that we only need to consider one point of each type:

15
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(A) We pick the Type A point at the lower left hand corner and consider the square of
the distances of the remaining points from the chosen point:

e o o o o o 25 26 29 34 41 50

e o o o o o 16 17 20 25 32 41

e o o o o o 9 10 13 18 25 34
>

e o o o o o 4 5 8 13 20 29

e o o o o o 1 2 5 10 17 26

@ o o o o o 0 1 4 9 16 25

In order for the chosen point to be the circumcentre of such a triangle, we must look
for three other points with the same number (square of distance from the chosen
point) in the above figure as vertices of the triangle. It turns out that 25 is the only
number that occurs at least three times. It occurs 4 times, so C4 = 4 triangles can
be formed with the chosen point as circumcentre.

(B) For a chosen Type B point, each of the numbers 1, 5, 10, 17, 25 occurs 3 times.
Hence C3 x5 = 5 such triangles can be formed with the chosen point as circumcentre.

e o o o o o 16 17 20 25 32 41

e o o o o o 9 10 13 18 25 34

e o o o o o 4 5 8 13 20 29
>

e o o o o o 1 2 5 10 17 26

@ o o o o o 0 1 4 9 16 25

e o o o o o 1 2 5 10 17 26

(C) For a chosen Type C point, each of 1, 4, 10, 13 occurs 3 times while 5 occurs
4 times. Hence C3 x 4 + C§ = 8 such triangles can be formed with the chosen point
as circumcentre.

e o o o o o 9 10 13 18 2534

e o o o o o 4 5 8 13 2029

o o o o o o 1 2 5 10 17 26
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@ o o o o o 0 1 4 9 16 25

e o o o o o 1 2 5 10 17 26

e o o o o o 4 5 8 13 2029
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(D) For a chosen Type D point, each of 1, 2, 5, 10, 17 occurs 4 times. Hence
C4 x 5 = 20 such triangles can be formed with the chosen point as circumcentre.

e o o o o o 17 16 17 20 25 32

e o o o o o 10 9 10 13 18 25

e o o o o o 5 4 5 8 13 20
>

e o o o o o 2 1 2 5 10 17

e (@ o o o o 1 01 4 9 16

e o o o o o 2 1 2 5 10 17

(E) For a chosen Type E point, each of 1, 2, 10 occurs 4 times, each of 4, 13 occurs
3 times, while 5 occurs 6 times. Hence Cj x 3+ C3 x 2+ C§ = 34 such triangles
can be formed with the chosen point as circumcentre.

e o o o o o 10 9 10 13 18 25

e o o o o o 5 4 5 8 13 20

e o o o o o 2 1 2 &5 10 17
>

e o o o o o 1 0 1 4 9 16

e o o o o o 2 1 2 &5 10 17

e o o o o o 9 4 5 8 13 20

(F) For a chosen Type F point, each of 1, 2, 4, 8, 10, 13 occurs 4 times, while
5 occurs 8 times. Hence C§ x 6 + C§ = 80 such triangles can be formed with the
chosen point as circumcentre.

e o o o o o 13 10 9 10 13 18

e o o o o o 8 5 4 5 8 13

e o o o o o 5 2 1 2 5 10
—

e o (o o o o 4 1 0 1 4 9

e o o o o o 5 2 1 2 5 10

e o o o o o 8 5 4 5 8 13

As the number of points of Type A, B, C, D, E, F are 4, 8, 8, 4, 8, 4 respectively, the
answer is
4x44+5x8+8x8+20x4+34x8+80x4="792.

Remark. Instead of computing the square of distance from the chosen point to every
other point as in the above solution, basically all we need is to identify the existence of
three or more points with the same distance from the chosen point. With this in mind
the computation could have been simplified. (For example in looking for points with
squared distance 5 is like asking which points can be reached from the chosen point with
a ‘knight’s move’, and other squared distances can be considered in a similar manner.)
One tricky thing to pay attention to would be that since 0% + 5% = 32 + 42, two different
types of ‘moves’ could lead to the same squared distance. (It can also be shown that there
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is no other tricky thing, i.e. the equation a® + b* = ¢® + d* with a,b,c,d € {0,1,2,3,4,5}
has no solution other than (a,b,c,d) = (0,5, 4, 3) except for its trivial permutations (e.g.
(a,b,c,d) = (3,4,5,0)) and the trivial solutions (such as (a,b, ¢, d) = (3,0,0,3)).

Let f(k) = nfF~1+k? so that the expression in the question is equal to f(2) f(3) - - - f(2024).
Note that f(2), f(3), ..., f(2024) alternate in parity, with f(2) having the same parity as
n. Let z be the number of ending zeros in the base 2 representation of f(2)f(3) - -- f(2024).

For the purpose of maximising z, we may assume n is even. This is because if n is odd,
then each of f(3), f(5), ..., f(2023) can only contribute one ending zero (each of them is
the sum of two odd squares, which, as mentioned in the solution to Problem 2, must be
congruent to 1 modulo 4, i.e. each of them is not divisible by 4).

Now suppose n is even. Let v(k) be the highest power of 2 dividing k. Then z =
v(f(2)) +v(f(4)) + -+ v(f(2024)). Note that for even number k greater than 4, we
have v(f(k)) = v(k*) = 2v(k) (see Remark 1). Hence

z2=2[v(2) +v(4)+---+v(2024)] + v(f(2)) + v(f(4)) — 2v(2) — 2v(4).
Note that

o v(2)+v(4)4---+v(2024) is simply v(2024!), which is equal to
(2) +v(4) (2024) ply , q

2024 2024 2024
EINECTI TR
e u(f(2)) +v(f(4)) can be maximised if we make f(2) = 8192 = 2!* (see Remark 2),

i.e. n = 8188, which leads to v(f(2)) = 13 and v(f(4)) = 4 as f(4) = 8188% + 42 is
divisible by 16 but not 32;

e v(2)=1;and
e v(4) =2.

It follows that the maximum possible value of z is 2(2017) + 13 +4 — 2(1) — 2(2) = 4045.
Remarks.

(1) Let k be an even number greater than 4. Since f(k) = n*~1 + k2, to prove v(f(k)) =
v(k?) it suffices to show that v(n*~!) > v(k?), or equivalently, (k — 1)v(n) > 2v(k).
As v(n) > 1, if the last inequality is to fail then we must have v(k) > $(k — 1), which
requires k > 22+~
k< 2201,

(2) To rigorously prove that v(f(2)) + v(f(4)) < 17 (equality attained when n = 8188),
we consider three cases:

o If v(n) =1, then we have v(f(2)) =1 and v(f(4)) = 3.
e If v(n) = 2, then we have v(f(4)) = 4, whereas v(f(2)) < 13 since f(2) < 2™,
e If v(n) > 3, then we have v(f(2)) =2 and v(f(4)) = 4.

However, it is easy to prove by induction that we must have
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