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Solutions

Question 1

(a) i+ J is not a unit vector as its magnitude is V12 + 12 = /2.
(b) i-1is not even a vector; it is a scalar and has value 1.

(¢) ix1i=0isnot a unit vector.
(

d) ( ) x k =k x k = 0 is not a unit vector.

A~ A A

(e) (i xj) x i=k x1i=]jis a unit vector!
Therefore, the answer is | (e) |.

Question 2

The mirror always lies at the midpoint between the object and its image. As such, the image
must be travelling at speed § away the man, so the answer is | (a) |

Question 3

Label the runners with their respective sides. While runner a is travelling downwards and runner
b is travelling rightwards, their distance is always increasing. While runners a and b are travelling
rightwards, their distance does not change as they are moving at the same speeds. Finally, while
runner ¢ is travelling rightwards and runner b is travelling downwards, their distance is always
decreasing.

Therefore, the maximum distance occurs when they are both travelling rightwards, where runner
a is a horizontal distance and vertical distance a from runner b. This maximum distance is then

Va2 + a? = av/2, so the answer is .
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Question 4

The ray from the Sun that grazes the top of Shuhao must end up at the end of his shadow,

which forms a right triangle of height h and length [. The angle of the Sun from the horizon is

then simply tan—! % ~ 30°, i.e. the answer is | (a) |

Question 5

The bubble displaces fluid of volume V' to to rise, so the change in potential energy of the system
is the sum of those contributed by the bubble and the displaced fluid. The bubble rises by h
while the displaced fluid falls by h, so the change in potential energy is

AU = pyVgh — psVgh = (pp — pf)V gh

i.e. the answer is | (c) |

Question 6

Let the block have mass m and the ramp have angle 6§ from the table. Balancing forces along
the perpendicular and parallel directions,

N =mgcosf
ma =mgsinf — f
The smallest possible value of a is achieved when the block just slips, which occurs when
mgsinf = fs = usN = ugmgcostd — tan =
Then, the block will have acceleration

Hs — UK

itz

a=gsinf — i = g(sin@ — ug cos ) =
m
so the answer is | (e) |

Question 7

The maximum compression x of the spring occurs when both masses are moving at the same
velocity v, since this is when they will have zero relative velocity. By conservation of momentum,
this velocity must be

U
mu = 2mv — U:§

Therefore, by conservation of energy,

1 1 1 1 1 / 2
imu2 =2 <2mv2> + §/<::c2 = Zmu2 + 5/{::02 - T = %u = % %

so the answer is | (b) |.

Question 8

At steady state, the droplet will reach the same speed v before every collision, which is its
terminal speed since it is the largest speed it achieves. Then the speed after every collision is 2

2
so analysing the free fall motion,

2
9 v /8
— (=) =2qh =1/=qgh
v <2> gh — v 3g

i.e. the answer is | (d) |.
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Question 9

The left string becomes slack when the mass m becomes far enough such that the centre of mass
of the rod-block system lies below the right string. This is because the net gravitational force
will exert no torque on the system about the point where the right string is connected to the
rod (as the line of force passes through the pivot), so in order for the system to remain at rest,
the left string must exert no torque. This means it exerts no force at all, since it is located at a
non-zero distance from the pivot.

Therefore, taking the centre of the rod as the origin, we can equate the position of the centre of
mass to that of the pivot, so

l:> IM+m
e 7= —
M+m 2 2 m

i.e. the answer is | (a) |

Question 10

1. As we increase b towards its critical value, the period has to increase to infinity, so this
statement is false.

II. As we increase m, the rate of decay of oscillations has to decrease, so this statement is false.

ITI. This statement is true; it happens when b = 2vmk.

Therefore, only statement III is true, so the answer is | (b) |

Question 11

Since the box has width (2 + \@) r, the horizontal distance between the centres of the spheres
are (2 + \/5) r — 2r = /2r. Then the angle the normal force makes with the horizontal is
1 (&

2r

0 = cos™ ) = 45°. The vertical component of this normal force must balance gravity on

the right sphere (since the normal force by the wall is only exerted horizontally), so
Nsinf =mg = N =mgv2

i.e. the answer is | (d) |.

Question 12

Let the angle that the right side of the string makes with the horizontal be 6. The equations of
motion in the horizontal direction for both blocks is

may =T
mag = T cos 0
where T is the tension in the string. Since cosf < 1, we always have a1 > a9, so block 1 takes

less time than block 2 to travel the same horizontal distance L. Therefore, block 1 reaches the
pulley before block 2 strikes the table, so the answer is | (b) |
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Question 13

In order to bounce back and forth indefinitely, the ball’s velocity must be reversed upon collision
to reverse its path. This occurs when the velocity upon collision is perpendicular to the cone’s
surface, so we just need to find the time ¢ taken for the velocity to point an angle of 6 downwards
from the horizontal. This occurs when the vertical speed is u tanf, so

utanf =gt — t = Y ang
g

Finally, the period is 4 times this value, since the ball also needs to return to its starting position,
travel to the other side and return again. Therefore,

4
T:4t:—utan0
g

so the answer is | (e) |

Question 14

When the string hits the peg, the pendulum does not change in speed v but its length decreases
from L to %. Balancing the net upwards force with the centripetal force before hitting the peg,

va

Then, balancing forces again after hitting the peg,
muv? y y
I =T —mg = T =mg+4(2mg) = Img

4

so the answer is | (e) |

Question 15

Since the pendulums oscillate in phase and they have the same length, the spring never changes
in length, so it exerts no force. Therefore, the period of their oscillations is just that of a standard

pendulum of length [, i.e. 27r\/g, so the answer is | (a) |

Question 16

Let the initial velocity of the moving ball be u and the final velocities of the two balls of mass
m be v, vy. Conservation of momentum and conservation of energy gives

mu=mvi;+mvy =—> U=V]+ Vo
Lo 1 o 1 5
imu zimvl —|—§mv2 = U-u=Vy -V]+Vy: Vo
where we used the fact that for a vector x with magnitude z, x - x = 22. Now, taking the dot
product of the first equation with itself and subtracting the second equation gives

0:(V1+V2)'(V1—|—V2)—(V1-V1—|—V2-V2):2V1-V2 — vi-ve=0

This implies that the two velocities are perpendicular, so #; + 63 = 90°. Therefore, 8, =
90° — #; = 15°, so the answer is | (a) |
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Question 17

Suppose friction f points to the right. Considering the net force gives
ma=T+ f
while considering the net torque about the centre of the cylinder gives

2

1 1
la=-mrfa=Tr — fr = imra:T—f

2

Since the cylilnder rolls without slipping, a = r«. Substituting this and the first equation into
the second equation,

gma=o(T+f)=T—f = f=_T

so the answer is | (c) |

Question 18

The work done by tension is the sum of the translational work done on the centre of mass and
the rotational work done about the centre of mass, which is

W:F:U+T(9:Tx+TT<x> =2Tx
r

where we used the fact that the cylinder rolls without slipping, so x = rf. Therefore, the answer
is | (e) |
Question 19

Angular velocity always points in the direction of the axis of rotation. This is in the direction of
II, which can be verified using the right hand rule.

On the other hand, angular momentum is defined by L = r x p. In the given diagram, for every
point on the rod, r points downwards along the rod while p points into the page, so L must
point perpendicular to the rod in the page, in the direction of I1I.

Therefore, w is in the direction of IT and L is in the direction of III, so the answer is | (d) |.

Question 20

The only force acting on the mass is static friction, and it must provide both the tangential and
centripetal forces to keep the mass accelerating in the circle. These forces are

Fi. = mR«

F. = mRw? = mRa*t?

Both of these forces are perpendicular and must sum to the friction force, so the magnitude of

the friction force is
f=\F2+F2=mRVa2+ o't

Finally, when it just slips, since the normal force is just the weight of the mass,

R20% a2

1
2 2 1
1
f=pnsN = pugmg =mR a2+a4t4:>t_<“39 )

so the answer is | (e) |
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Question 21

The minimum pressure in the horizontal section of the siphon is zero (since it is not possible to
achieve negative pressure). Since the tank is very large, by continuity, the speed of the drop
in water is negligible. Using Bernoulli’s principle at the water surface in the tank and the exit
point of the siphon, the velocity at the exit is

2

1
— —pv? = pgl

1
P, =P, -
0+ pg 0+2PU 5

At the maximum height, the pressure in the horizontal section of the siphon is zero. Since the
siphon’s diameter is uniform, by continuity, the velocity in the horizontal section is the same as
that at the exit point. Using Bernoulli’s principle again at the water surface in the tank and the

horizontal section,
1 P

so the answer is | (c) |

Question 22

A useful trick we can apply here is we can consider the dust particle to have some extremely
small tangential velocity and assume it does not collide with Earth. Then the trajectory of the
particle will be an extremely elongated ellipse with a focus at the Earth’s position. Since r < R,
we essentially need the time taken for the particle to traverse half of its orbit (from its maximum
to minimum distance), which would be half of its period!

Kepler’s third law of planetary motion states that the square of a planet’s orbital period is
proportional to the cube of the length of the semi-major axis of the orbit. This actually implies
that orbits with the same semi-major axis will have the same orbital period (for the same
gravitational force), so the period of the elliptical trajectory taken by the particle, which has
semi-major axis 3, is the same as the period of a circular orbit of radius § around the Earth! This
period is simple to calculate and arises from equating the centripetal force to the gravitational

force,
GMm _ (T) (%)2 N
(5)2 BACYAN: ~ ™ acm

Therefore, as we have reasoned, the time taken for the dust particle to reach the Earth is half of

this value,
T r3
2 22\ GM

so the answer is | (c) |

Question 23

At the minimum height, the gravitational forces by the Earth and Sun are equal, so

GMgm GMgm . p=OsE Ry ~ 2.53 x 10° km
(h+ Rp)*> (dsg — (h+ Rg))? 1+ ]1\\/[47;

i.e. the answer is | (c)|.
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Question 24

The total energy is the sum of the kinetic and potential energies,

E_GMm GMm_ GMm
2 T a 2r

which is the negative of kinetic energy. Therefore, as resistive forces decrease the total energy,
the kinetic energy increases. As a result, the radius decreases and the speed increases, so the

answer is | (b) |.

Question 25

Transformers preserve the magnetic flux through them, so

B1 A2
B1A; = BoAy — — ==
1 202 BQ A1

i.e. the answer is | (c) |

Question 26

A non-ideal voltmeter of internal resistance Ry can be treated as an ideal voltmeter in parallel
with a resistor Ry, while a non-ideal ammeter of internal resistance R4 can be treater as an
ideal ammeter in series with a resistor R4. Hence, when the two components are connected in
series with an ideal battery of emf ¢, the voltmeter measures the voltage V across the internal
resistance Ry, while the ammeter measures the current I through the internal resistance R 4.
We can then deduce that

[—_ %

Ry + Ry
V =1IRy

By connecting a resistor in parallel with the voltmeter, the internal resistance Ry effectively

decreased to a different value Ry,, while the reading on the voltmeter became % and the reading

on the ammeter became 4/1. Since these two equations still hold, the second equation gives us
1% V. Ry

— =4IR, = R, = — =
2 v VT8I 8

Then, the first equation gives us
€ €

4]: =
%/‘f‘RA %—I—RA

Dividing this with the original first equation, we finally have
R R R
. + 11 . fv

= =6
R?V-i-RA R4

so the answer is | (d) |

Question 27

Since they are connected in series, the charge on the wire connecting the two capacitors is
conserved and their voltages sum to that of the battery, so

Q2 —Q1=Q—3Q =-2Q

Q1 |, Q2
C 2C_V
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Solving, we obtain

2 2

Ql - gCV—F gQ
2 4
Q2= 3CV - 2Q

so the answer is | (c) |

Question 28

Since the electric field within the conducting shell is zero, the charge +¢, which is at the centre
of the shell’s cavity, induced a charge of —g uniformly distributed on the inner surface of the
shell, to ensure that the electric field in the shell is zero by Gauss’s law. On the other hand, the
charge +(@) causes the outer surface of the shell with total charge 4+¢ to be polarised, inducing a
net positive charge away from +@ and a net negative charge towards +@.

The polarised charges on the outer surface distribute themselves such that the electric field
within the cavity of the shell cancels that due to the charge +Q). As such, +q¢ is electrostatically
shielded from 4+ and experiences no electric force from the charges on the inner surface of the
shell, so it experiences no net force.

On the other hand, the charge +@ experiences both the force from the charge +¢q as well as the
force from the charges on the shell. In general, these forces will not cancel, and +@) experiences
a net force.

Therefore, +¢q experiences no net force but +@) experiences a net force, so the answer is | (e) |

Question 29

The electric field must be spherically symmetric, so taking a spherical Gaussian surface of radius
r concentric to the charged sphere, by Gauss’s law,

E . 47”_2 — Genc E x Genc
€0 72

Since the charge is uniformly distributed, the enclosed charge is proportional to the enclosed

volume, so

Vene r—=c
x

i.e. the answer is|(d) |

Question 30

By symmetry, the electric field must point away from the opposite corner. Summing the
components of the electric fields due to each charge along this direction (since field is a vector
quantity),

1 q o q q ( 1)
= 2. L cosd = 2+ =
4reg 12 o (\/51)2 dmegl? V2+ 2

so the answer is | (d) |
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Question 31

This energy is simply the potential energy by definition. Simply summing the electric potential
energies due to each charge (since energy is a scalar quantity),

1 2 2 2 9
v L (@ @, V2
471'50 l \f 47T80l 2

so the answer is | (e) |

Question 32

In an electromagnetic wave, the magnetic field B oscillates perpendicularly and in phase to the
electric field E with magnitude B = f . Let the electric and magnetic fields at the charge’s
position at some point in time be Ei and Bj j. The electromagnetic wave travels in the direction
of Ex B =1ixj =Kk, so the charge travels in the direction of —k. Then, the Lorentz force that
acts on the charge is

F:q(E+VxB):q(Ei+(—vR) xBj) :q(E—i-vB)i:qE(l—FZ)i

whose magnitude F' = ¢F (1 + %) is clearly maximised when the electric field is maximised.

Therefore, the answer is | (b) |

Question 33

By symmetry, the magnetic field at both ends of the solenoid along its axis are the same. Now,
consider attaching two identical long solenoids coaxially at their ends. This forms a new solenoid
where the attached ends of the original solenoids are now positioned at the centre of the solenoid,
so the magnetic field at that position is B = pgnl. On the other hand, by superposition, this
must be twice the magnetic field at the ends of the original solenoids. Therefore, the magnetic

field at the end of the solenoid along the axis is g = % wonl, so the answer is .

Question 34

Since h < [, we can treat the plane as essentially an infinite plane. By Newton’s third law, the
force on the plane by the charge is the same as the force on the charge by the plane. We can
determine this force by using Gauss’s law on a pillbox of base area A, symmetrically placed
through the plane. By symmetry, there cannot by any electric field parallel to the plane, so no
electric flux passes through the curved surface of the pillbox. Furthermore, by symmetry, the
electric field £ must be perpendicular to and uniform along the two bases of the pillbox. Hence,

by Gauss’s law,
Qenc AQ Q
2FEA = =—— = EF=
&0 1260 2l260
Therefore, the force between the charge and the plane is F' = ¢F, so the plane’s acceleration is

_9F 4@
m 2mi2g

This answer is ’ none of the options| We believe that the options are erroneous and the intended

answer is (c), which assumes that the plane is a thin conducting plane with a surface charge
of ). If this is the case, then the other surface also contains charge () that produces the same
electric field, producing a factor of 2 which results in this answer option.
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Question 35

The magnetic flux increases in the left half and decreases in the right half. By Lenz’s law, the left
half induces an anticlockwise current in itself and the right half induces a clockwise current in
itself, which both result in an upward current through the rod. By Faraday’s law, the magnitude
of the induced emf in each half is

d<I>B
e —

’ = BlLv

so the total current in the rod is
e 2BLv

I ey 2 o —_— =
R R

The magnitude of the force needed to move the rod at constant speed v should balance that
of the magnetic force on the rod. Since the current is perpendicular to the magnetic field, this

force is then

2B%L%y
F=ILB=""—
R

so the answer is | (d) |

Question 36

Let the weight of each magnet be W and the force between two disc magnets be F' = ar™"

where « is a constant. The magnet in the middle is repelled by both other magnets, while the
magnet above is repelled by the middle magnet but attracted to the bottom magnet. Balancing
forces on both of these magnets,

ahi" =ahy" +W
ah;n = a(h1 + hg)_n + W

Subtracting both equations,

a(hi™=h3") =a(h3" = (i +hy)™) = (2)n+<h1}fh2>n:

n n
Substituting the values given, we get the equation (%) + (%) = 2. We can do a numerical

check to find that n & 3 is the closest approximation to the (non-zero) solution, so the answer is

(©) |

Question 37

Consider only injecting current I into node 1. By symmetry, current I flows outwards into each
adjacent resistor, so current I flows from node 1 to 2. Likewise, con51der only extracting current
I from node 2. By symmetry, current I flows inwards from each adjacent resistor, so current I
again flows from node 1 to node 2

Now, consider both injecting current [ into node 1 and extracting current I from node 2. By the
principle of superposition, the currents in each resistor are the sum of their individual currents
in each of the previous scenarios. Hence, current Ir = 5 L4l 5= 2I flows from node 1 to node 2
in this scenario, so the potential difference between the two nodes is AV = IgrR.

Finally, considering the entire grid as an effective resistor Reg, considering the potential difference

again gives
I 2
AV = IgR = [Reg => Reg = TRR =R

so the answer is | (e) |

10
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Question 38

The central bright fringe occurs when the difference in the optical path lengths between the two
light rays reaching its position is zero. This occurs when both rays are parallel to the incident
rays, so the line from the central maximum to the slits must make the same angle 8 from the
reference axis. Therefore, the distance of the central maximum from the reference axis is simply
x = Dtan#, so the answer is | (c) |

Question 39

Let the phase of the solid wave be 0 and dictate the phase to increase when it moves to the right.
Then the phase of the dotted wave is 37” and decreases at the same rate when it moves to the

left. For constructive interference, their phases must be the same, so the phase change Adg. is

3T 3T
AQZ)C:?—AQZ)C — Agb(;:z
so the time when it achieves constructive interference is
A 3
T. = e _ 3
2 8

For destructive interference, their phases must be 7w apart. This first occurs when the phase
change Ag¢q is

3
Adg+m=""— Apg —> APd:%

2
so the time when it achieves destructive interference is
A 1
7y = S0 L
2 8

Therefore, the answer is | (b) |

Question 40

The distance v; of the object’s intermediate image to lens 1 is
1 N L_1_ (1 1 >—1 3 F
_— _——=— Ul = —_——_—— = -
up v f foo3f

In order to form a real image on the screen, the intermediate image (which acts as the object
for lens 2) must be further away from lens 2 than the focal point. Therefore, it has a greater
distance d — % f to lens 2 than the focal length f, so at the minimum distance,

3 5
d—if:f:> d:§f

i.e. the answer is|(d) |

Question 41

The dominant pitch heard is the fundamental frequency. Since the tube in which the air
vibrates in is closed at one end (the water surface) and open and the other end (the mouth), the
fundamental frequency occurs when the wavelength is four times the length of the tube,

h
A=4(h—=)3=h
(»-3)

Therefore, the frequency f he hears is

c=f\ — f:gihz?)goﬂz

The closest frequency to this value is G4 (392 Hz), so the answer is | (a) |.

11
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Question 42

On this hyperbola, since it passes through (0, $), the difference in the optical path lengths
between the rays that reach these two points constructively interfere. This difference is

Aaz:@—(—a))—(a—g):a

Everywhere on this hyperbola must correspond to the same phase difference, so the difference in
the optical path lengths of the rays that intersect at this hyperbola are the same everywhere.
Therefore, equating this value to the difference between the path lengths at (x, a),

Ar=a=\22+(a—(—a))? —2=V22+4a® — z
Isolating the square root and squaring both sides, we obtain

3
x2+4a2=(a+$)2:x2+2ax—l—a2 == x:?a

so the answer is | (c) |

Question 43

Some geometrical consideration shows that the angle of incidence of the ray at the sides and at
the ends of the cylinder is constant, and has values 65 = 90° — 6 and 6, = 6 respectively. Both

of these values have to be greater than the critical angle 6. = sin™! (%) = 42° for total internal
reflection to occur, so we have

90° -0 >0
{ > Ve — 42° < 0 < 48°

0 > 6,

i.e. the answer is | (e) |

Question 44

Since energy is conserved, the total power P carried along a wavefront must be constant. Hence,
the intensity I must be inversely proportional to the area of the wavefront,

_r 1
42 X r2

1(r)

The intensity is also proportional to the square of the amplitude, so we have

A(r) o JT(r) o -

r

The phase of the wave is also the same everywhere along a wavefront, so the argument to the
cosine term must be constant. Since r increases as t increases, this requires w < 0. Furthermore,

the speed of the wave is ¢, so

c:|wk| — w=—ck

i.e. the answer is | (b) |.

12
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Question 45

At any point on the P — V' diagram, since the gas is monatomic and ideal, the internal energy is
3 3
U=_-nRT =_-PV
2" 2

We also know that the work done on the system in each of the processes is the negative of the
area under the curve in the P — V diagram, since the gas expands. We can then use the first
law of thermodynamics to calculate the net heat in each of the respective processes,

3 1
Qi = AUap — Won ap = 3 (3P -3Vo — 5Py - Vo) + 5 (6P + 3Fy) 3V — Vo) = 14

3 1
Qpc = AUpc — Won,Bc = 5 (Po-5Vo— 3P -3Vp) + 3 (3P + Py) (5Vy — 3Vy) = —2Py Wy

Therefore, heat is absorbed during the process A — B while heat is released during the process
B — C, so the answer is | (b) |.

Question 46
(a) This statement is false; the second law of thermodynamics has nothing to do with this.

(b) This statement is false; the correct statement for the conservation of energy is 100 J =
80 J + 20 J.

(c) This statement is false; that is how heaters and refrigerators operate, not engines.

(d) This statement is true, as the claimed efficiency of this engine is n = S9L = 80% but the

100J
Carnot efficiency is only nc = % = 76%.

(e) This statement is false, as we have just shown.

Therefore, the answer is | (d) |

Question 47

Consider a molecule moving at speed v; perpendicular to a pair of opposite walls, separated by
distance L. Then the amount of time between collisions with one of the walls is ¢t = % (since
the molecule needs to traverse back and forth), so the collision rate of this one molecule is

)y = E
Over all N molecules, we can make a very crude approximation for the average value of v as
the root-mean-square speed v,y,s of the molecules, as these two quantities will not differ by more

than an order of magnitude. The value of this speed is

e
Urms = M

where T and M are the temperature and molar mass respectively. Furthermore, by the ideal gas
law, the total number of molecules is
PL3
PV =NkgT =— N=-—
b kT
where P is the pressure. Finally, since the box has six faces, our crude approximation to the
rate of collisions between the molecules and the walls is
PL? | R

v
~GN 28 el L [ v
v~ 6N 3\/§kB N7~ 10% s

so the answer is | (d) |

13
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Question 48

Let the number of moles in the first chamber be n. The two chambers contain equal masses of
gas X, but the chamber containing gas of the form X5 has twice the molar mass, so it must

contain half the number of moles in the first chamber, 5.

As no heat is exchanged to the surroundings, the total internal energy of the gas system is
conserved. Therefore, we can solve for the final temperature T' of the final mixture as

6T + 51>

3 S5 (n 3 )
inRT + 5 () nRT = §nRT1 + inRTg = T = 11

2

so the answer is | (e) |

Question 49

The Earth attains its surface temperature when the heat that is radiates balances the heat
received from radiation by the sun. By the Stefan-Boltzmann law, the power radiated by Earth
is

P=0ApT* < T*
where Ap = 4 R% is the surface area of the Earth. Meanwhile, the sun radiates a constant
power Pg, so its intensity when it reaches the Earth is

_ Ps 1
= a2 %2
where 7 is the Sun-Earth distance. Then the power received by Earth is
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where Ao = mR% is the effective surface area of the Earth. These two quantities are equal, so
we must have
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Therefore, the new average surface temperature 1" of the Earth is
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so the answer is | (c) |

Question 50

As the tube and droplet are perfect thermal insulators and the tube is quickly brought vertical,
no heat is exchange and the compression of the gas enclosed is adiabatic, with adiabatic index
v = % Initially, the droplet is stationary, so the pressure of the gas enclosed is equal to the
atmospheric pressure. Afterwards, balancing forces on the droplet,

PA = PyA+mg — P:Pﬁ%

Using the fact that the compression is adiabatic,

Y Y
(PO + mg) <3AL) = Py(AL) = m = ((4) - 1) DA _ g 104
A ) \4 3 g g

so the answer is | (b) |.
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