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1 Solution to USOMO 1

Note: In the diagram below, we have ZC' obtuse to make things easier to read, but the
exact same proof still applies when ZC' is acute as specified in the problem.

Let C; be the reflection of C' across the perpendicular bisector of segment AB. Then,
C lies on circle w, and ABC1C' is a isosceles trapezoid with AC' = BCy. We have

LXAD =/XAB=/XCB

and

LAXD = ZAXC = ZBXC(Cy,

from which it follows that AADX ~ AC1BX.

Because O; and O are the corresponding circumcenters of the triangles, we can
conclude that quadrilateral X DAQO; is a similar to quadrilateral X BC10. It follows
that AXAO; ~ AXC,0, implying that AX 0,0 ~ AX AC, with ratio of similarity
being XO/X 4.

In exactly the same way (using B instead of A), we also have that AX 0,0 ~ AX BC
with ratio of similarity also being XO/XC}.

Therefore, quadrilateral XO;005 is similar to quadrilateral X ACy B with ratio
XO0/XC4. It follows that AO1005 ~ AAC1B or AO1002 ~ ABCA (as AAC1 B =
ABCA) with ratio XO/X (.

Since the area of ABC is fixed, it suffices to minimize the ratio XO/XC;. But XO
is a radius of w, while X} is a chord. Thus, XO/XC; > % with equality if and only if

X (] is a diameter of w <— ZC;CX =90 «<— CX 1 AB.

Thus, the unique point X which minimizes the area of O0O;05 is the one where
CX 1 AB. Note that for this point X, the area is i the area of ABC.

This problem was proposed by Zuming Feng.



2 Solution to USOMO 2

The answer is 3030. First, we describe an arrangement using exactly 3030 beams. We
view the cube as being divided into 20203 unit cells and label them by their coordinates
(i.e. the possible labels are (z,y,z) for 1 < z,y,z < 2020). Let B,(a,b) denote the
beam oriented along the xz-axis with @ and b as its y- and z-coordinates. More formally,
we may write

B.(a,b) = {(1,a,b),(2,a,b),...,(2020,a,b)}.

Similarly, we define
By(a" b) = {(b7 ]-7 a)a (bv 27(1), R (ba 20207 Ll)}

Bz(a7 b) = {(a’i b7 1)7 (a’7 b7 2)7 ct (CL, b7 2020)}
Then, the 3030 beams

By (1,2), B4(3,4),. .., B,(2019,2020),

By(1,2), By(3,4), ..., B,(2019, 2020),
B.(1,2), B.(3,4),..., B.(2019,2020)

form a valid arrangement. Note that any two beams Bg(2n — 1,2n) and By(2m —
1,2m),1 < m,n < 1010 have different parities of the z-coordinate and thus do not
intersect. Similarly, no two other beams from different sets intersect. Any two beams
from the same set are parallel.

Consider beam B = B, (2n — 1,2n).

1. B touches the interiors of faces of beams By (2n — 1,2n) and B.(2n — 1, 2n).

2. If n = 1010, then B touches the face of the cube. Otherwise, B touches the beam
B,(2n+1,2n +2).

3. if n =1, then B touches the face of the cube. Otherwise, B touches the interior
of the face of the beam B,(2n — 3,2n — 2).

Therefore, every face of every beam in B, touches either a face of a cube or an interior
of the face of another beam and hence every beam in B, satisfies given condition.
Similarly, every beam in B, and B, satisfies given condition.

To show this is optimal, first note that if there are no beams oriented along the z-
or y-axis, then all beams are oriented along the z-axis. But then in order to satisfy the
required property, we need 20202 > 3030 beams. Thus, we may assume at least one
beam is oriented along the x- or y-axis, so that it has one short dimension along the
z-axis.

Note that for any beam that is short in the z direction, its bottom face must touch
either the bottom of the cube or another beam that is also short in the z direction.
Similarly, its top face must touch the top of the cube or another beam short in the
z direction. It follows that we must have at least 2020 beams that are short in the z
direction.

By a symmetrical argument, the same is true for the x and y directions. Since each
beam has only 2 short dimensions, it follows that we must have at least 3-2020/2 = 3030
beams.

This problem was proposed by Alex Zhai.



3 Solution to USOMO 3

Look at the set B of all b such that b is a residue modulo p and 4 — b is also a residue
mod p. Any such b corresponds to a set of solutions to 22 4 y? = 4, where negating
or y gives the same set, but interchanging them does not. Let S be the set of (z,y)
such that 22 + y2? = 4 and S includes only one of (z,y) and (—z, —y). Then

P:Hb: H 22

beB (z,y)€S

= ] 4-v?»
(z,y)€S

= I e-ve+w.
(z,y)€S

Letting 2 —y = ¢ and 2 + y = d (or vice versa since —y is the same solution), we see
that P =[], 4, cd where the product runs over all unordered pairs {c, d} other than
{2,2} with ¢+ d = 4 and ¢ and d either both residues or both non-residues modulo
p. Switching to ordered pairs, rather than unordered and then adding in the missing
case (2,2), we see that 2P = H(Q ) ¢ where the product runs over all ordered pairs
(¢,d) with ¢+ d =4 and ¢ and d either both residues or both non-residues modulo p.
Putting this together, we get

2[[o=11a I
beB a€A beB

and hence

HaEQ (mod p).

acA

Alternate solution from Carl Schildkraut. Work in [F,,. Define for all 0 < k <

4]
qr — a’, Sk — a.
acA SCA a€S
|S]=k

Note that qo = |A], so = 1, and we want to show that s;4) = 2. We also have the

Newton sums
k

kse = (1) 'spig;

i=1
for all 0 < k < |A|. Now, we find the sums g;. Recall the following lemma, stated here
without proof:

Lemma. For any positive integer m,

> am= -bopm el
0

seF, otherwise.

We first note that the quantity

(-G -(5)




islifxz e A;if z & A then either (%) or (4;%) is 0 or 1; if one is 0, then the other is

1 (as 4 is a square), so this is always 0. Thus

‘We now have

=y a"

acA

= Z 1a(z)z®

zelF,

A )6 (5)

z€F,

= % Z zF (J:p;l — 1) ((él—x)p;1 — 1) .

z€F,

For k = 0 we have that the only term with a power > p — 1 is the term corresponding
—1 Y —1 -1
to taking "z and the (—1)"z "z term from the expansion of (4 — 2)“z , giving

that

(-1 p—(-1)"7
Al = =_ 7 Al =~ 7
1Al = g0 T = |4 i

We now split into cases.
Case 1. p = 3 mod 4.

Here |A| = pTH. We claim that a € A < 18 € A. Indeed,

(55)-G) -G 665

so if a and 4 —a are both nonresidues then 4 —16/a is a nonresidue as well (as a — 16/a
is an involution, this shows both directions). Now, if p = 7 mod 8, |A] is even, and so
the terms are all paired by @ — 16/a and the product is

162 = (—4)l4l,

If p = 3 mod 8, then there exists one unpaired term which must be a fixed point of the
involution; as 4 & A this must be —4, and thus the product is

Either way, the product is
(A1 = (- = (1)

If p = 3 mod 8, then (—l)pT+1 = —1 but 2 is not a quadratic residue, so 2% = 1 as
well, and our product is (—1) - (—=1) -2 =2. If p = 7 mod 8, then (fl)p%1 =1and 2is
a quadratic residue, so our product is 1-1-2 = 2. Either way, we are done.

Case 2. p =1 mod 4.



We have ] 1
p— p—

Al =— < ——

|A] T <3

Thus we only care about g for k < p—;l. Now

We now write a recurrence for s;. We have

k

ksy = Z(_l)i_lsk—i‘h‘

i=1

= i}(l)“ski <p§1>(4)i1

Let ty = sp/4%. Now, dividing by 4%,
k p—1 k p—1
Kt =) 47F47ly a0 2 ) = Akt =) | 2 ).

i=1
This holds as an identity in F,, for all k¥ < |A|. Rewrite this as
k p=1
(4k 4+ 1)ty = ;tk( z >
Define a sequence uy so that ug =1 and
k _1
(4k + Dy, = ;uk_i( Z_2)

for all k > 1. Note that ¢ = ux (mod p) for all k < |A|. Let f(z) = > oo upzk. We
have, by summing the above and using that the right side is a convolution,

fa) +af'0) = £0) Y- (7)o = s+ 0k

k=0



@) (ta) o
4 = .
f(z) x
We want to solve this differential equation given the initial condition f(0) = 1. Write
it as

ddf _ (L4ax)7/2 -1
f x
We claim the right side is the derivative of —2log(1 + /1 + z). Indeed,

d 1 1 _1
1
Vi+2z(1+V/1+2)
1 vi+z-—1
Vitz(l+z)—1
1—VI+z (1+2)7Y2-1

z/1+zx x ’

dx.

as desired. Now, we have

4log f = —2log(l1+VI+2)+C = f(w):A(lJr\/my%;

as f(0) = 0 we want

[N

o) = (M)

Define vy = 4*uy so up = vy, for all 0 < k < |A|. The generating function g of vy
satisfies

g(x)—f(4x)_(1+\/2l+w)é_( 9 >5_<1_\/m>5.

1+ vV1+4x 2x
Recalling that the generating function c(z) of the Catalan numbers is 1=X1=22 e
g g g 2z ’

have that

We claim that

Indeed,

(=}



Thus

> e =Y wt
=0 =0

which implies that
Cog,
Sk = ﬁ(_l)k (mod p)

for every 0 < k < pT_l. We have that

Now,

—1 “Dp-2)--(p—k) {yp—i
<pk):(p )(p k!) (p )EHP (—1),

which is 1 if p = 1 mod 4. Also, if p = 1 mod 8, 2 is a quadratic residue, and so
25" =1 mod p; otherwise, 2% = —1 mod p. Either way,

272 = (—1)}%1 mod p,

SO

finishing the proof.

This problem was proposed by Richard Stong and Toni Bluher. The result itself is from
a recent paper of Toni Bluher, but her proof is much more sophisticated (and proves
much more).



4 Solution to USOMO 4

The answer is 197. Say a pair of integers (k,£) with 1 < k < £ < 100 is friendly if
|akbe — agb| = 1. An example achieving 197 friendly pairs is (0,1), (1,1), (1,2), ...,
(1,99).

Now we prove that 197 is the best possible. In general, we will prove that for N > 2
points there are no more than 2N — 3 friendly pairs.

We proceed by induction on IV, the base case N = 2 being obvious. Now consider
N + 1 points Pi,...,Pyi1. Let O = (0,0) be the origin; then friendly pairs (P, Py)
correspond to triangles O Py P, with area %

Suppose Py has the largest sum of coordinates. If the coordinates of Py41 are not
relatively prime, then this point does not belong to any friendly pairs and the result is
obvious.

Otherwise, it easily follows that no ﬁPj is parallel to OPpn41. Consequently, there
are at most two points P; satisfying [OP; Pyy1] = % (one on each side of OPp41).

To summarize, the point Py 1 belongs to at most two friendly pairs and the remaining
N points form at most 2N — 3 friendly pairs by inductive hypothesis, and so together
the points form at most 2N — 1 friendly pairs, as desired.

Remark. Consider the graph G, on Z>g X Z>o with a segment joining (a,b) and
(¢c,d) if |ad — be| = 1. This graph is planar in the sense that no two drawn segments
intersect (even at endpoints).

We show this planarity actually implies the estimate 2N — 3. In fact, we claim each
finite subgraph G of G, is outerplanar. A graph is outerplanar if it is planar and can
be drawn (without crossing edges) so every vertex is adjacent to the outer face. To see
this, consider an extended graph G obtained by adjoining a vertex oo at infinity to G,
and draw edges from each (x,y) € V(G) to oo by drawing a ray from it with slope £.

For fun, here is an image of part of G:

10
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This problem was proposed by Ankan Bhattacharya.

5 Solution to USOMO 5

We show that the answer is 2201° — 2020, and in general is 27~ — n if 2020 is replaced

by n > 2. We will prove the result in this generality.
Let A denote the set of n points.

Solution by Alex Zhai. For any subset S C A whose z-coordinates are all distinct,
we denote by Pg the lowest degree polynomial satisfying Pg(i) = f(i) for all i € S.
Thus, S is overdetermined if and only if deg(Ps) < |S| — 2. (Evidently, if S has two
points with the same z-coordinate, then S is not overdetermined; we do not define Pg
in this case). Note also that deg(Ps) < |S| —1 for any such S C A, since we can always
find a polynomial of degree at most |S| — 1 passing through |S| prescribed points.

We first construct an example with at least 2" ~! —n overdetermined subsets. Choose
A={(1,1),(2,1),(3,1),...,(n,2)}. For any S C A — {(n,2)}, we have Pg(t) = 1,
so deg(Ps) = 0. Thus, any subset of A — {(n,2)} with at least two elements is
overdetermined, and there are 27~ — n such subsets.

We must also verify that A is not overdetermined. To see this, suppose for sake of
contradiction that deg(Pa) < n — 2. Then, P, is a degree-(n — 2) polynomial taking
the value 1 at n — 1 inputs (namely, 1,2,...,n — 1), so it must be identically equal to
1. But then, P4(n) =1 # 2, a contradiction.p

We next prove that it is not possible to have more than 2"~ — n overdetermined
subsets of A under the constraints of the problem.

First, we dispense of the case where A has any repeated z-coordinates. Suppose
p = (z,y) € Aand ¢ = (z,y) € A where y # y'. Then no overdetermined set
may contain both p and ¢. Moreover, if S is any subset of A — {p,q}, then at
most one of S U {p} and S U {¢} is overdetermined; indeed if Pgy(,) and Psygqy
both have degree at most |S| — 1, and they agree on S, they must coincide, hence
y = Psuip(2) = Psyugqy(2) = ¢/. Thus, there are at most 2”2 — 1 overdetermined
subsets of A containing one of p and ¢ (one for each nonempty subset of A — {p, q}).
Also, A — {p, ¢} itself has at most 2"~2 — (n — 2) — 1 subsets with at least two elements.
This gives a total count of 2772 — (n — 2) — 1] + [2"72 — 1] = 2"~! — p as claimed.

We now assume henceforth that A has no repeated z-coordinates. Let us call a
subset S of A ideal if it is not overdetermined. Additionally, given subsets S and T' of
A satisfying S C T and |T'\ S| = 1, we will say that S is a child of T and T is a parent
of S.

Lemma 5.1. Any ideal subset S of A has at most one overdetermined child.

Proof. Assume the contrary, and let S; = S\ {(z1,91)} and Sy = S\ {(x2,y2)} be
two overdetermined children of S. Then, Pg, and Ps, are polynomials of degree at
most |S| — 3, and their graphs pass through all points of |S; N Sa| which is a set of of
size |S| — 2. It follows that Ps, = Ps,. But then Pg, (z) =y for all (z,y) € A, which
implies S is overdetermined, contradiction. O

Lemma 5.2. Any overdetermined subset S C A has at least one ideal parent.

Proof. Suppose on the contrary that every parent of S is overdetermined. Then, for
every (z,y) € A\ S, the polynomials Pg and Pgyg(s,)} both have degree at most
|S| — 1 and agree at all points in S, which implies that Ps = Psyf(z,y)}-



But this means Pg(x) =y for all (z,y) € A, and since this applies to each (z,y) €
A\S, it follows that Ps = P4. This implies A is overdetermined, which is a contradiction.
O

Now, pair each overdetermined subset O with an ideal parent p(O), choosing one
arbitrarily if there is more than one. (Note also that Lemma 5.2 guarantees at least
one ideal parent exists.) By Lemma 5.1, no two overdetermined sets are paired to the
same ideal parent, so these pairs are all disjoint.

Finally, exactly one set from each pair (O, p(O)) has odd cardinality, and neither O
nor P(O) can have cardinality 1. Thus, the total number of these pairs (and hence the
total number of overdetermined sets) is at most

n _ on—1 n _ on—1
> (i)=-() e
3<k<n

k odd

as desired.

Solution by downward induction We proceed as in the previous solution up to
the proof of Lemma 5.1. However, rather than using Lemma 5.2, we will use a counting
argument to finish the proof.

Let Oy, and Ij be the number of overdetermined and ideal subsets S of [n] of size k,
respectively. Note that Og = Oy = O, =0 and Iy = I, = 1, [; = n. Also note that
I+ 0y = (3):

Lemma 5.3. We have O, < (";1), for2 <k <n.

Proof. We will prove this by downwards induction on k. Since O, =0 = (";1) this
establishes the base case of k = n.

Assume that O < ("; ), for some k with 3 < k < n. We will show that Op,_1 <
(#71). Let P be the number of parent-child pairs (T, S) of subsets of [n] with |T| =
|S| +1 =k, and with S overdetermined. First note that P = Oy_1 - (n — (k — 1)), by
choosing S and then T'. Next, note that P is at most Iy - 1 + O - k, by choosing 7" and

then S. Thus we have

Ok_l(n—k—i—l):PgIk—i—kOk

Thus Op_1 < (Zj) as claimed. O

10



Now we have
O+ 01+02+03+ -+ 0,1+ 0,
n—1 n—1 n—1
<
_o+o+( ; >+< ) >+ +(n_1)+0
_2n71

= —n.

Furthermore, note that we can obtain equality with f(i) =1 for 1 <i<mn —1 and
f(n) = 2. Thus the answer is indeed k, = 2"~ — n.

This problem was proposed by Carl Schildkraut. The second solution is joint with
Milan Haiman.

6 Solution to USOMO 6

We present two approaches.

Solution by David Speyer and Kiran Kedlaya We start with the following
lemma.

Lemma. Let z1,...,2zy, and ¢ be real numbers satisfying

n m

_ 2 _ .2
g z; =0, E zj = mc”.
Jj=1 j=1

Then max;{z;} — min;{z;} > 2c.

Proof. Let b:= §(max;{z;} + min;{z;}). We then have
m m m m
Z(zj —b)?= szz - Qbsz + Zb2 > mc?.
j=1 j=1 j=1 j=1

The two largest terms on the left-hand side are the equal quantities (max;{z;} — b)? =
(min;{z;} — b)?, so each of these must exceed c?. We deduce that

max{z;} —b=0b—min{z;} > ¢
J

and thus max;{z;} — min;{z;} > 2¢, as desired. O

We apply the lemma as follows. Let S,, be the set of permutations of {1,...,n},

enumerated in some order as o1,...,0,. For j =1,...,n! set
n
Zj = Zl‘iyaj(i)-
i=1
To calculate 277!:1 zj, we observe that each pair (i, k) with 4,k € {1,...,n} occurs as

(i,0(2)) for exactly (n — 1)! values of o € S,,. This yields
n!

sz = (n—l)!inZyi =0.
i=1 =1

Jj=1

11



Similarly, to calculate 27.1!:1 2]2-, we count how often each pair (i, k,i', k') with ¢, k, ', k' €

{1,...,n} occurs as (i,0(i), k,o(k)) for o € S,,. This count is (n — 1)!if i =4’ k = k’;
itis (n—2)if i # ¢/, k # k; and it is zero otherwise. We thus have

By writing

we deduce that

By the rearrangement inequality, max;{z;} = Z?zl z;y; and min;{z;} = ZZL:I TiYntl—i-
We may thus apply the lemma to deduce that >\ | @;y; — Y iy Ti¥nt1—; > 2¢ where

!
1 & n(n — 2)! 1
2_ 1N\ ,2 o - _
C_n!;ZZ n! n—1

This yields the desired lower bound.
Remark. For n even, the inequality is sharp for
1 1
1 :"':xn/2:ﬁ7 Tn/2+1 :"':ﬂﬁn:*ﬁ
n—1 1
Yo =

Solution from Alex Zhai Consider a dual problem where the conditions are
Tp 2 Tp—1 =+ 21

ynzyn—lzzyl

Zfb‘i = Zyi =0
i=1 i=1
;%yz - ;miyn+17i = n27 I

and we want to show that Y 1 2? Y y? < 1.

If we fix y and optimize x, we are maximizing a convex objective under a convex
constraint, so the optimum occurs when z hits at least n equality constraints, i.e. the
x; take at most two distinct values. Thus, we may assume x takes this form. An
analogous argument shows that we can assume y takes this form as well.

Let vy, be the vector whose first k entries are ”T’k and last n—k entries are — ﬁ

Then, the above discussion basically says = and y are multiples of v and v, for some k
and £. After some rescaling, our problem reduces to showing that

2||vg || [|vell 2n
Vi, Vg) — (Vky Un—ig) = = .
(v, ve) = (v £> vn—1 vn—1

12



By direct calculation, it turns out that

(v, ve) = m,

and so the inequality simplifies to

= (5

which follows from simple AM-GM and k > 1.

This problem was proposed by David Speyer and Kiran Kedlaya.
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